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I N T R O D U C T I O N   A N D   S U M M A R Y  

I n  the  1 9 5 0 ' s ,  Press and o thers  d e v e l o p e d   e x p r e s s i o n s  fo r  
t h e  mean  exceedance r a t e  N(y) o f  a n   a r b i t r a r y   a i r c r a f t   r e s p o n s e  
v a r i a b l e   t h r o u g h  a generic r e s p o n s e   l e v e l   y .   I n   d e r i v i n g  these 
expres s ions ,   t hey   a s sumed  tha t  the  a i r c r a f t   P e s p o n s e  is a l o c a l l y  
s t a t i o n a r y ,   l o c a l l y   G a u s s i a n   r a n d o m   p r o c e s s ;  t he  r e s u l t s  were 
based on   Rice ' s   famous   formula   for  t he  mean r a t e  o f   t h r e s h o l d  
c r o s s i n g s   o f  a s t a t i o n a r y   G a u s s i a n   p r o c e s s .   M o d e l i n g  the  t u r -  
bu lence  as a l o c a l l y   s t a t f o n a r y ,   l o c a l l y   G a u s s i a n   r a n d o m  
p r o c e s s  - g e n e r a l l y  w i t h  a Dryden  spectrum - p e r m i t t e d  the 
t u r b u l e n c e   t o  be  c h a r a c t e r i z e d   b y  i t s  i n t e g r a l   s c a l e   a n d  the  
p r o b a b i l i t y   d e n s i t y   f u n c t i o n   o f '  i t 's s t a n d a r d   d e v i a t i o n .  The 
f a c t  tha t  t h e  s t a n d a r d   d e v i a t i o n   o f   t h e   t u r b u l e n c e  was treated 
as a s l o w l y   f l u c t u a t i n g   r a n d o m   v a r i a b l e   p e r m i t t e d  t he  mathe- 
matical r e p r e s e n t a t i o n  of the  tu rbu le ,nce   t o   mode l  t he  p a t c h l i k e  
c h a r a c t e r  of  r e a l '  t u r b u l e n c e . '  " 

M e a s u r e m e n t s   r e c e n t l y   o b t a i n e d   i n  a p r o j e c t   b e i n g  
c a r r i e d   o u t  a t  t h e  NASA Lang ley -Resea rch   Cen te r   have  demon- 
s t r a t ed  the  e x i s t e n c e   o f  a low-frequency  ( large  wavenumber)  
component i n  many t u r b u l e n c e   r e c o r d i n g s ,  where t h i s  "slow" 
turbulence  component  w s ( t )  a p p e a r s   t o   f l u c t u a t e   i n d e p e n d e n t l y  
of t he  p a t c h - l i k e   c h a r a c t e r   a s s o c i a t e d  w i t h  t h e  t u r b u l e n c e  
model  used b y  Press a n d   m o r e   r e c e n t   i n v e s t i g a t o r s .  The a d d i t i o n  
of t h i s  l a r g e  wavenumber  component  suggests t h a t  t u r b u l e n c e  
v e l o c i t y   r e c o r d s  w i t )  be  modeled by a three-component  random 
p r o c e s s t  1 .  > I  

. .  

w ( t >  = w s . ( t )  + Wf(t) = w s W  , I  + qf(t) z ( t > ,  (1.1, 2 . 3 )  

where E { z )  = 0 ,  E ( z 2 )  = 1 ( 1 . 2 ,  2 . 5 )  

and where the  s t a n d a r d   d e v i a t i o n  of u f ( t )  o f  t h e  " f a s t "  t u r b u l e n c e  
component w f ( t )  s a t i s f i e s  a f ( t >  > 0 .  I n  t h e  work r e p o r t e d  here- 
i n ,  w e  have assumed t h a t  t h e  ranzom  processes  ( w s ( t ) ) ,  { u f ( t ) ) ,  

, 

+Most o f  t h e  e q u a t i o n s   i n  t h i s  i n t r o d u c t o r y   s e c t i o n   h a v e  two 
numbers. The f i r s t  number  designates  t h e  o r d e r  o f  appearance  
of t h e  e q u a t i o n   i n  the p r e s e n t   s e c t i o n ;  t h e  s e c o n d   d e s i g n a t e s  
t h e  number a s s o c i a t e d  w i t h  t h e  same e q u a t i o n , . a s  i t  appears 
l a t e r  i n  t h e  r e p o r t  where t h e  material i s  t reated i n  d e t a i l .  



a n d   { z ( t ) )  a ~ ' e  a L 1  s t a t i o n a r y   a n d   m u t u a l l y   i n d e p e n d e n t .  Also, 
we have  assumed t h a t  z ( t )  fs a G a u s s i a n   p r o c e s s   a n d ,   i n  some 
p l a c e s ,   t h a t  w s ( t )  a l s o  i s  G a u s s i a n .   F u r t h e r   d i s c u s s i o n  of 
t h i s  model i s  p r o v i d e d   i n   S e c .  2 of t h e   r e p o r t .  

One o f  t h e  c e n t r a l   t a s k s   o f   t h e   p r e s e n t   w o r k  has been t o  
de t e rmine  the c o n d i t i o n s   t h a t   m u s t  be  sa t i s f ied  f o r   v a l i d i t y   o f  
t h e   l o c a l l y   s t a t i o n a r y ,   l o c a l l y   G a u s s i a n   r e s p o n s e   a p p r o x i m a t i o n .  
To accompl ish  t h i s  t a s k ,  we h a v e   u s e d   t h e   c o n c e p t   o f   t h e   t u r -  
b u l e n c e   p r o c e s s   { w ( t ) )   c o n d i t i o n e d   o n  t h e  b e h a v i o r   o f   t h e   p r o c e s s  
a f ( t ) .  T h i s   c o n d i t i o n i n g   o p e r a t i o n  i s  e q u i v a l e n t   t o   d e a l i n g  
w i t h  the  s t o c h a s t i c   b e h a v i o r  o f  ( w ( t ) )  whi le   assuming t h a t : t h e  
f u n c t i o n  a f ( t )  i s  c o m p l e t e l y   s p e c i ' f i e d .   S i n c e   t h e   p r o c e s s e s  
{ w s ( t ) ) ,  { o f ( t ) ) ,   a n d   ( z ( t ) )  a re  assumed t o  b e  mutua l ly   inde-  
pendent ,  t h i s  c o n d i t i o n i n g   o p e r a t i o n   p r e s e n t s  no concep tua l  
d i f f i c u l t i e s .   T h u s ,  we a re  a b l e   t o   f o r m   e x p r e s s i o n s   f o r  t h e  
c o n d i t i o n a l   i n s t a n t a n e o u s   a u t o c o r r e l a t i o n   f u n c t i o n   a n d  i t s  
F o u r i e r   t r a n s f o r m ,  the  c o n d i t i o n a l   i n s t a n t a n e o u s   s p e c t r u m   o f  
t h e   t u r b u l e n c e   p r o c e s s  { w ( t ) ) ,  g i v e n  tha t  t h e   f u n c t i o n  a f ( t )  
i s  s p e c i f i e d .  These e x p r e s s i o n s   a r e   d e r i v e d   i n   S e c .  3 . 1 .  

Although t h e  p r o c e s s  { w ( t ) )  i s  s t a t i o n a r y ,   t h e   p r o c e s s  
( w ( t ) )  cond i t ioned   on  u f ( t )  i s ,  i n   g e n e r a l ,   n o n s t a t i o n a r y .  
However, i n   a n  ea r l i e r  s t u d y  tha t  dea l t  w i t h  the e f f e c t s   o f  
n o n s t a t i o n a r y   b e h a v i o r   o n   t h e   s p e c t r a   o f   a t m o s p h e r i c   t u r b u l e n c e ,  
a s e r i e s   e x p a n s i o n  of t h e   i n s t a n t a n e o u s   s p e c t r u m  was developed 
f o r   s t u d y i n g   t h e   e f f e c t s   o f   t h e  time v a r i a t i o n s   o f  a f ( t )  on t h e  
i n s t a n t a n e o u s   s p e c t r u m . '  Some r e s u l t s   o f   t h i s  e a r l i e r  s t u d y ,  
r e l e v a n t   t o  t h e  p re sen t   work ,  are r e v i e w e d   i n   S e c .  3 . 2 .  The 
f i rs t  term i n  t h i s  series expans ion ,  when a p p l i e d   t o  t h e  "fast" 
component w f ( t )  i n  Eq. (1.1)- and  condi t ioned   on  t h e  f u n c t i o n  
a f ( t ) ,  i s  t h e  u s u a l   l o c a l l y   s t a t i o n a r y   s p e c t r u m   a p p r o x i m a t i o n  

where cpz(f) i s  t h e  power  spectrum of  t h e   s t a t i o n a r y   p r o c e s s  
{ z ( t ) )   o f  Eq .  (1.1). T h u s ,   i n v e s t i g a t i o n   o f  t h e  c o r r e c t i o n  
te rms   provided  by t he  series expans ion   have   enabled  us  t o  formu- 
l a t e  c o n d i t i o n s   f o r   v a l i d i t y   o f  t h e  l o c a l l y   s t a t i o n a r y   r e s p o n s e  
approximat ion .  

F i r s t ,  i t  was n e c e s s a r y   t o   d e r i v e  a ser ies  e x p a n s i o n   f o r  
t h e  i n s t a n t a n e o u s   s p e c t r u m  o f  the r e s p o n s e   p r o c e s s ,  a lso condi- 
t i oned   on  the  behav io r  of  a f ( t ) .  To o b t a i n   t h i s   e x p a n s i o n ,  we 
have  used t h e  i n p u t - r e s p o n s e   r e l a t i o n s h i p   f o r   t h e   i n s t a n t a n e o u s  
s p e c t r u m   d e r i v e d   i n   o u r   e a r l i e r   r e p o r t .  The c o n d i t i o n e d   i n s t a n -  
t a n e o u s   s p e c t r u m   o f   t h e   a i r c r a f t   r e s p o n s e   p r o c e s s  { y ( t ) )  i s  
g i v e n  by Eq. ( 3 . 2 9 )  of t h e   p r e s e n t   r e p o r t .  When the  ser ies  

2 



e x p a n s i o n   f o r  Q w ( f , t l a f )  i s  combined wi th  t h i s  inpu t - r e sponse  
r e l a t i o n s h i p ,  we o b t a i n  t h e  ser ies  e x p a n s i o n   f o r   t h e   c o n d i t i o n e d  
i n s t a n t a n e o u s   r e s p o n s e   s p e c t r u m   g i v e n  by Eq. (3 .37)  or (3 .38 )  
a n d   d e r i v e d   i n   S e c .   3 . 4 .  The l e a d i n g  terms i n   t h i s   r e s p o n s e  
r e p r e s e n t a t i o n  are 

( 1 . 4 ,  3 .40)  

where Qw ( f )  i s  t h e  power  spectrum  of t he  "slow"  component w , ( t )  

i n  the  turbulence   model   o f  Eq. (1.1) and H ( f )  i s  t he  a i r c r a f t  
complex  f requency-response f u n c t i o n .   E q u a t i o n  ( 1 . 4 )  i s  t h e  
o b v i o u s   l o c a l l y   s t a t i o n a r y  r e s p o n s e   a p p r o x i m a t i o n   t h a t   c o u l d  
h a v e   b e e n   w r i t , t e n   d i r e c t l y  from  Eq. (1.1). 

S 

Examinat ion  of  t he  a p p r o p r i a t e   c o r r e c t i o n  terms i n  
Eq. ( 3 . 3 8 )   t o  t h e  l o c a l l y   s t a t i o n a r y   r e s p o n s e   a p p r o x i m a t i o n  
g i v e n  by  Eq. ( 1 . 4 )  has enabled  u s  t o  wri te  c o n d i t i o n s   f o r  
v a l i d i t y   o f  the l o c a l l y   s t a t i o n a r y   r e s p o n s e   a p p r o x i m a t i o n   o f  
Eq. ( 1 . 4 )  i n   S e c .   3 . 5 .  Three cond i t ions ,   Eqs .   (3 .41 ) ,   (3 .431 ,  
and   (3 .46 )  a re  g iven .   Equa t ion   (3 .41 )   exp res sed  t h e  l o c a l  
s t a t i o n a r i t y   r e q u i r e m e n t   f o r  t h e  t u r b u l e n c e  w ( t )  o f  Eq. (1 .11 ,  
whereas E q s .  ( 3 .43 )   and   (3 .46 )   exp res s  t he  l o c a l   s t a t i o n a r i t y  
r e q u i r e m e n t s   f o r   t h e   a i r c r a f t   r e s p o n s e  y ( t ) ,  assuming tha t  t h e  
r equ i r emen t   o f  Eq. ( 3 . 4 1 )  i s  s a t i s f i e d .  

The l o c a l   s t a t i o n a r i t y   r e q u i r e m e n t s   o f   E q s .   ( 3 . 4 1 ) ,   ( 3 . 4 3 ) ,  
and   (3 .46)  are e x p r e s s e d , i n  terms o f   ( d e r i v a t i v e s   o f  t h e  loga-  
r i t h m  o f )   t h e   f u n c t i o n   o f ( t ) ,   w h i c h  i s  s t i l l  assumed t o  be a 
s p e c i f i e d   f u n c t i o n   a t .  t h i s  j u n c t u r e .   B e f o r e   d i s c u s s i n g  these 
r equ i r emen t s   and   fo rmula t ing  them i n  terms o f   s t o c h a s t i c  
m e t r i c s   o f   o $ ( t ) ,  w e  d e r i v e   e x p r e s s i o n s   f o r  t h e  a i r c r a f t -  
r e s p o n s e   e x c e e d a n c e   r a t e  N + ( y )  a n d   t h e   f i r s t - o r d e r   p r o b a b i l i t y  
d e n s i t y   f u n c t i o n  p ( y > .  These e x p r e s s i o n s   a r e   d e r i v e d   i n   S e c .  4 ,  
where w e  a s s u m e   v a l i d i t y   o f   t h e   l o c a l l y   s t a t i o n a r y   r e s p o n s e  
approx ima t ion   g iven  by  Eq. ( 1 . 4 ) .  

I n   S e c .  4 . 1 ,  i t  i s  shown t h a t  i f  t h e  p r o c e s s  { ~ ( t ) )  i n  
the model  of E q .  (1.1) i s  G a u s s i a n   t h e n   t h e   p r o c e s s .   { w . - ( t ) l a f ) ,  
cond i t ioned   on  t h e  p r o c e s s   a f ( t ) ,   a l s o  i s  Gauss ian  - t h s  
r e s u l t   b e i n g   i n d e p e n d e n t  o f  l o c a l l y   s t a t i o n a r y   r e q u i r e m e n t s .  
However, i f  p r o b a b i l i t y   d e n s i t y   f u n c t i o n s   o f  w f ( t )  a re  g e n e r a t e d  
by time a v e r a g e s ,   t h e n   l o c a l   s t a t i o n a r i t y  i s  r e q u i r e d   f o r  the  
"fast" p r o c e s s  ( w f ( t ) )  t o  be  c o n s i d e r e d   l o c a l l y   G a u s s i a n .  

In   Sec .   4 .2 ,  w e  d e r i v e  t h e  e x p r e s s i o n   f o r   r e s p o n s e   e x c e e d -  
a n c e   r a t e s   ( w i t h   p o s i t i v e   s l o p e s )   g i v e n  by 
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where  p(a$)  i s  t h $  p r o b a b i l i t y   d e n s i t y   o f  t h e  s q u a r e   o f  t he  
p r o c e s s  a f ( t )  - a f ( t ) , t h e r e f o r e , b e i n g  t h e  l o c a l   v a r i a n c e  of 
t h e  fas t  turbulence  component  w f ( t )  - and  where   N+(ylaf )  i s  
t h e  e x p e c t e d   l o c a l   u p - c r o s s i n g  ra te  th rough  t h e  t h r e s h o l d  y 
of  the r e s p o n s e   p r o c e s s ,   g i v e n  t h a t  t h e  l o c a l   v a l u e   o f  a f ( t )  
i s  s p e c i f i e d   a n d   a s s u m i n g  t h e  l o c a l l y   s t a t i o n a r y   r e s p o n s e  
approximat4on  of  Eq. ( 1 . 4 )  t o  be j u s t i f i e d .  The e x p r e s s J o n  
f o r   N + ( y l a f )  i s  g i v e n  by  Eq. ( 4 . 2 2 ) .  To e v a l u a t e  N + ( y l a f )  w e  
r e q u i r e   s p e c t r a  @ , ( f )  and 0 ( f )  o f   t h e   t u r b u l e n c e   c o m p o n e n t s  

z ( t )   a n d  w s ( t ) ,  as well as t h e  m a g n i t u d e   o f t t h e   a i r c r a f t  
f r e q u e n c y - r e s p o n s e   f u n c t i o n . .  

" . 

ws 

For c a s e s  where v a s i a t i o n s   . i n  a $ ( t )  a r e  small r e l a t i v e   t o  
t h e  expec ted   va lue  o f  o f ( t ) ,  a u s e f u l  ser ies  expans ion  for 
N+(y) has b e e n   d e r i v e d   i n   S e c .  4.3.  T h i s  ser ies  expans ion  i s  
o f   t h e   f o r m  . .. - 

where we have   de f ined  

where 

i s  t h e  expec ted   va lue   o f  a: and  where 

(1 .6,  4.28)  

(1 .7 ,  4.26)  

( 1 . 8 ,  4 . 2 4 )  

(1 .9 ,   4 .29 )  

are  the  c e n t r a l  moments o f  a t ( t ) .  O f  p a r t i c u l a r   i n t e r e s t  i s  t h e  
two-term  approximation  of E q .  ( 1 . 6 )  g i v e n  by 
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I 

(1.10, 4.31) 

where N i 2 ) ( y  1%) has been w r i t t e n   i n   t h e   s e c o n d   l i n e  as 

From Eq. (l.lO), it i s  e v i d e n t   t h a t   t h e  first term N+(ylu;) 
o n   t h e   r i g h t - h a n d  s ide  i s  t h e , e x c e e d a n c e  r a t e  o n e   o b t a i n s  by 
a s s u m i n g   t h a t   y ( t )  i s  a s t a t i o n a r y   G a u s s i a n   p r o c e s s . *   T h u s ,  
t he  second term i n  Eq. (1.10) i s  a c o r r e c t i o n  term tha t  m o d i f i e s  
t h e  G a u s s i a n   a p p r o x i m a t i o n   N + ( y l o f )   t o   a c c o u n t   f o r   r e l a t i v e l y  
small f l u c t u a t i o n s   i n  u . F ( t ) .  When w r i t t e n   i n   t h e   f o r m   o f  
Eq. (l.ll), t h e   g e n e r a l  form of t h e   c o r r e c t i o n  term Q ( * ) ( y l q )  
i s  g i v e n  by  Eq. ( 4 . 3 4 )  i n   t h e   t e x t .  

- 

" 

For  cases   where  t h e  r e s p o n s e   o f   t h e   a i r c r a f t   t o  t h e  s low 
component w s ( t )  i s  n e g l i g i b l e   i n   c o m p a r i s o n   w i t h  t h e  r e s p o n s e  
t o   t h e  component u f ( t )  z ( t ) ,   t h e  form  of N + ( y )  g iven  by  Eq. 
(1.11) i s  p a r t i c u l a r l y   i n s t r u c t i v e .   F o r  these c a s e s ,  when w e  

*Equat ions (1.6) and (1.10) p r o v i d e   m o t i v a t i o n  f o r  e x p r e s s i n g  
N+(y) as a n   i n t e  r a l  o v e r   t h e   p r o b a b i l i t y   d e n s i t y  p(uf) o f   t h e  
l o c a l  v a r i a n c e  u' r a t h e r   t h a n  as a n   i n t e g r a l   o v e r   t h e   p r o b a -  
b i l i t y   d e n s i t y  of: t he  l o c a l  s t a n d a r d  d e v i a t i o n  o f ,  as was 
done by  Press a n d   o t h e r s .  The f i r s t  term i n   t h e  ser ies  
expans ion   of  N + ( y )  g i v e n  by Eq. ( 1 . 6 )  i s ,  a c c o r d i n g   t o  
Eq.  (1.101, N ( ~ 1 7 ) .  However, N ( ~ (7 )  i s  s i m p l y  t h e  
exceedance r a t e  pbea ined  by  assurnfng tffat a f ( t )  i s  a c o n s t a n t .  
I n   c a s e s  where u f ( t )  v a r i e s  somewhat w i th   t ime   and  we e s t i m a t e  
N+(y)  by assuming t h a t  t h e   r e s p o n s e  i s  a s t a t i o n a r y  Gaussian 
p r o c e s s ,  w e  o b t a i n   f o r   o u r  estimate o f   N + ( y )   t h e  f i rs t  term 
N + ( y l T )  i n  the  r igh t -hand  sides of  Eqs. ( 1 . 6 )  and ( 1 . 1 0 )  as 
i s  shown i n   S e c .  4.3 [see Eq. (4 .32)] .   However ,   s ince 
ECo:} # { E [ O ~ ] ) ~ ,  t h e   q u a n t i t y   N + ( y l G )  i s  d i f f e r e n t   f r o m  t h e  
exceedance r a t e  t h a t  would be  o b t a i n e d  by e v a l u a t i n g   t h e  
e x p r e s s i o n   f o r  the  exceedance ra te  f o r   s t a t i o n a r y   G a u s s i a n  
p r o c e s s e s   u s i n g   f o r  uf t h e  mean o f  t he  p r o b a b i l i t y   d e n s i t y   o f  
o ra ther  t h a n   t h e   s q u a r e   r o o t   o f  3. f 
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t a k e   t h e   l o g a r i t h m   o f  Eq..(l.ll) and assume t h a t  u i s  small 

enough so  tha t  we may use   Rn( l+x)  a x,  w e  o b t a i n  i n  Sec .  4 . 3  
t he  s i m p l e   r e l a t i o n s h i p  

(2) 
af 

(1.13, 4.40) 

The f i r s t  term ( - y 2 / 2 u 2 )  o n   t h e   r i g h t - h a n d  s i d e  o f  Eq. 
(1 .13)  i s  t h e  familiar r e s u f t   f o r   s t a t i o n a r y ,   G a u s s i a n   p r o c e s s e s ;  
i . e . ,  t h e   l o g a r i t h m   o f   t h e   n o r m a l i z e d   e x c e e d a n c e  r a t e  
N+(y) /N+(O)  i s  l i n e a r  when p l o t t e d  as a f u n c t i o n   o f   t h e   s q u a r e  
o f   t h e   r e s p o n s e   l e v e l ,   a n d  i s  t h e   v a r i a n c e   o f   t h e   r e s p o n s e  

p r o c e s s .  The c o e f f i c i e n t  p governs  t h e  s t r e n g t h  of 

t h e   c o r r e c t i o n   t o  t h e  Gauss i an   approx ima t ion   g iven  by t h e  f i rs t  
term. The q u a n t i t y , u  2 /(af) i s  t h e   s q u a r e   o f   t h e   c o e f f i c i e n t  

o f   v a r i a t i o n   o f   t h e   t i m e - v a r y i n g   v a r i a n c e  a:(t) i n  t h e  model of  
Eq. (1.1). E x c e p t   f o r  t he  v a l u e   o f  P ( Z ) / ( ~ ) ~ ,  which i s  a lways  

n o n n e g a t i v e ,   t h e   f u n c t i o n a l   f o r m   o f   t h e   c o r r e c t i o n  term i n   t h e  
r igh t -hand  s ide of Eq. (1.13) i s  f i x e d .  For y = 0 ,  t h e   c o r r e c -  
t i o n  i s  ze ro ;   hence ,   t he   Gauss i an   approx ima t ion   g iven   by   t he  
f i r s t  term y i e l d s  the  c o r r e c t   v a l u e .  For  0 < y < (2a ), t h e  
c o r r e c t i o n  term i s  n e g a t i v e ;   h e n c e ,   i n  th is  i n t e r v a l , Y t h e  
Gauss i an   approx ima t ion  o v e r e s t i m a t e s  t h e   t h r e s h o l d - c r o s s i n g  
r a t e .  For y > ( 2 0  >, t h e   c o r r e c t i o n  term is  p o s i t i v e ;   h e n c e ,  
f o r   l a r g e   v a l u e s  o? y t h e  Gauss i an   approx ima t ion  u n d e r e s t i m a t e s  
t h e   t h r e s h o l d - c r o s s i n g  r a t e .  T h e s e   t h e o r e t i c a l   p r e d i c t i o n s  are  
c o n s i s t e n t   w i t h  well known e x p e r i m e n t a l   o b s e r v a t l o n s ,  when 
c o n s i d e r e d  as a f u n c t i o n  of  y 2  ( o r  y2/cr$ ) ,  Eq. ( 1 . 1 3 )  p r e d i c t s  
( a   p a r a b o l i c )   c o n c a v e   e x c e e d a n c e   p l o t .  

( 2 )  2 2 

uf 

af 

A t r e a t m e n t   o f   t h e   p r o b a b i l i t y   d e n s i t y   f u n c t i o n   p ( y >   o f  
t h e   a i r c r a f t   r e s p o n s e  i s  p r o v i d e d   i n   S e c .  4 . 4 ,  where we have 
u s e d   t h e  same g e n e r a l   a p p r o a c h   t h a t  was used   fo r   exceedance  
rates.  For  example, i t  i s  shown there t h a t  we may e x p r e s s  
P(Y) by 

(1.14, 4.42)  
0 
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A series expans ion  f o r  p ( y )  t ha t  i s  developed  CEq. (4 .4611 i s  
a n a l o g o u s   t o  tha t  o f  Eq.  ( 1 . 6 ) .  The two- te rm  approximat ion   to  
t h i s  s e r i e s  expans ion  tha t  i s  a n a l o g o u s   t o  Eq. (1.1) i s  

where U ( 2 ) ( y  13) i s  def ined   by  

w$ere we have  used t he  n o t a t i o n  of   Eq.   (4 .48) .  The q u a n t i t y  
(5 i s  t h e  a i r c r a f t   m e a n - s q u a r e  r e s p o n s e   t o   t u r b u l e n c e   c o m p o n e n t  
z ( t )   g i v e n  by  Eq. (4 .18 ) ,   and  u$ i s  t h e  ove ra l l   mean- squa re  
r e s p o n s e   g i v e n  by Eqs .   (4 .16 )   and   (4 .48 ) .  It i s  shown i n  
i n   S e c .  4 . 4  t h a t  t h e  c o r r e c t i o n  term g i v e n   i n  Eq. (1.15) t o  

Y Z  

t h e  Gauss i an   approx ima t ion  p ( y l 3 )  o f   p ( y )  i s  e x a c t l y  t h e  same 
as the  f i r s t  c o r r e c t i o n  term provided  b y  t h e  Gram-Charlier 
expansion.  However, t h e  d e r i v a t i o n   o f  E q .  (1 .15)  i s  based on 
what   would   appear   to  b e  a c o m p l e t e l y   d i f f e r e n t   l i n e   o f  rea- 
s o n i n g .  

For c a s e s  where t h e  a i r c r a f t   r e s p o n s e   t o   t h e   ' f s l o w f '   t u r -  
bulence  component w ( t )  i s  n e g l i g i b l e ,  t h e  c o r r e c t i o n  term t o  
the   Gauss i an   approxymat ion   i n  Eq. (1.11) i s  g i v e n  by 

Comparison  of E q s .  ( 1 .16 )   and  (1.17) i n d i c a t e s  t h a t  whenever 
t h e   f l u c t u a t i o n   i n  u:(t) i s  n o t   n e g l i g i b l e   i n   c o m p a r i s o n  wi th  
i t s  mean 0 2 ( t ) ,  t h e   f i r s t - o r d e r   p r o b a b i l i t y   d e n s i t y   p ( y )   a n d  
t h e   e x c e e d g n c e , r a t e  N+(y)  h a v e   d i f f e r e n t   f u n c t i o n a l   d e p e n d e n c i e s  
on y .  However,-when p U 2  ( 2 )  = 0 ,  b o t h   p ( y )   a n d  N + ( y )  ha.ve t h e  

f 
shape  of G a u s s i a n   p r o b a b i l i t y   d e n s i t y   f u n c t i o n s .  

The ' l o c a l l y   s t a t i o n a r y   r e s p o n s e   r e q u i r e m e n t s ,   i n i t i a l l y  , 

t reated i n  .See.  3, are  d i s c u s s e d   a n d ' r e l a t e d  t o  s t o c h a s t i c  : 

m e t r i c s   o f  the  p r o c e s s  u f ( t )  i n   S e c .  5. I n   p a r t i c u l a r ,  It  i s  
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shown i n   S e c .  5.1 t h a 5  t h e  l o c a l l y   s t a t i o n a r y   r e s p o n s e   r e q u i r e -  
ments may b e  i n t e r p r e t e d  as r e q u i r i n g  (1) that the r e l a t i v e  
changes i n  u $ ( t )  must   occur   s lowly when measured  on t h e  time 
s c a l e  t t  = Lz/V, where L, i s  t h e   i n t e g r a l   s c a l e   o f  t h e  component 
z ( t )   i n   t h e  model  of  Eq. (1.1) and V i s  the a i r c r a g t   s p e e d  
[see Eq. (5.111; (2) t h a t   t h e   r e l a t i v e   c h a n g e s   i n  a f ( t )  must be  
small i n  compar i son   w i th   un i ty  when measured  over  time i n t e r v a l s  
o f   t h e   o r d e r   . o f  the  group de lay  of t h e  a i r c r a f t   i m p u l s e   r e s p o n s e  
f u n c t i o n  [se? Eqs. (5.4) and (5.611; and (3) t h a t   t h e   r e l a t i v e  
c h a n g e s   i n  a f ( t )  m u s t   o c c u r   s l o w l y   r e l a t i v e   t o  time i n t e r v a l s  
c o m p a r a b l e   t o   t h e   n o m i n a l   d u r a t i o n   o f   h ’ ( t ) ,   w h e r e   h ( t )  i s  t h e  
a i r c r a f t   u n i t - i m p u l s e   r e s p o n s e   f u n c t i o n  [see Eqs. (3.46) and 
(5-7)1* 

These th ree  s p e c t r u m   c o n d i t i o n s  are  e x p r e s s e d   i n  terms of  
(somewhat less s t r i n g e n t )   m e a n - s q u a r e   r e s p o n s e   c o n d i t i o n s  by 
Eqs. (5.8), (5.9), and (5.10) i n   S e c .  5.2. I n   S e c .  5.3, t h e  
r e q u i r e m e n t s   o n   t h e   b e h a v i o r  of  o $ ( t )  are e x p r e s s e d   i n  terms 
of d e r i v a t i v e s   o f   t h e   a u t o c o r r e l a t i o n   f u n c t i o n   o f   t h ;   l o g a r i t h m  
of   o ; ( t ) , ,where   the   dependence   on   the   logar i thm  of  a f ( t ) ,  ra ther  
t h a n   o n   o f ( t )  i t s e l f ,  has b e e n   d i c t a t e d  by t h e   r e q u i r e m e n t s  
themselves .  [It i s  the  fractionaZ f l u c t u a t i o n   o f   o f ( t ) 2 t h a t  
i s  i m p o r t a n t ,  r a ther  t h a n   t h e  n b s o Z u t e  f l u c t u a t i o n   o f  a f ( t ) ] .  
The f i n a l  forms  of the  th ree  l o c a l   s t a t i o n a r i t y   r e q u i r e m e n t s  
are* 

I -O0 I 

I -O0 I 

*One o f   t h e   o t h e r   f o r m s   o f   t h e s e   r e q u i r e m e n t s   g i v e n   i n  the main 
t e x t   i n   S e c .  3 o r  5 may b e  easier  t o   a p p l y   i n   p r a c t i c e .  Equa- 
t i o n s  (1.181, (1.191, and (1.20) would  seem t o  be t h e  l ea s t  
r e s t r i c t i v e  set  of  r equ i r emen t s .  
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and 

( 1 . 2 0 ,  5 .22 )  

where R + *  ( 0 )  and  R("(0) zfre the  s e c o n d   a n d   f o u r t h   d e v i a t i v e s  
o f  the  a u t o c o r r e l a x i o n   f u n c t i o n   o f  

where these d e r i v a t i v e s  a r e  t o  be e v a l u a t e d  a t  t h e  o r i g i n ,  Q Z ( f )  
i s  t h e  power  spectrum  of  t he  component z ( t )  i n  t he  model  of 
Eq. (1.11, @ ( 2 ) ( f )  i s  t h e  s e c o n d   d e r i v a t i v e   o f  Q z ( f ) ,  H ( f )  
i s  t h e  a i r c r g f t   c o m p l e x   f r e q u e n c y - r e s p o n s e   f u n c t i o n ,   a n d   f o r  
n = 0 ,  1, and 2 ,  m i n ) ( f )  i s  t he  power-moment spec t rum  o f  t he  
a i r c r a f t   u n i t - i m p u l s e   r e s p o n s e   f u n c t i o n  h ( t )  d e f i n e d   i n  e a r l i e r  
work b y  t h i s  w r i t e r  i n  a c o m p l e t e l y   d i f f e r e n t   c o n t e x t :  

W 

m ( n ) ( f )  h 4 I t n Q h ( f , t ) d t ,  

where @ h ( f , t )  i s  t h e  i n s t a n t a n e o u s   s p e c t r u m  o f  h ( t )  d e f i n e d  b y  
Eqs .   (3 .25 )   and   (3 .26 ) .   Wr i t ing  t h e  complex  f requency-response 
f u n c t i o n  H ( f )  as 

w e  e x p r e s s  m ( O ) ( f ) ,  h m k l ) ( f ) ,  and m L 2 ) ( f )  i n  terms o f  t h e  magni- 
t ude   and   phase   o f  H ( f )  b y  

r n ( O ) ( f )  h = I H ( f )  1 '  
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where 
(3.22 
Eqs . 
(1.20 

t h e  time o r i g i n   o f   h ( t )   m u s t  be  c h o s e n   t o   s a t i s f y  Eq. 
) and  where   Eqs . . (1 .25)   and  ( 1 . 2 6 )  are a consequence o f  
(3 .39) ,  (5 .41 ,  and   (5 .7 ) .   Equa t ions  (1.181, (1.19), and 
) w o u l d   a p p e a r   t o . b e   t h e  least  r e s t r i c t i v e   r e q u i r e m e n t s  

t h a t   m u s t   b e  sat isf ied f o r   c o n f i d e n t   e n g i n e e r i n g   u s a g e  of  
t h e   l o c a l l y   s t a t i o n a r y   r e s p o n s e   a p p r o x i m a t i o n   o f  Eq. ( 1 . 4 ) ,  
which i s  the  b a s i c   a p p r o x i m a t i o n   u s e d   i n   d e r i v i n g  the  above 
d e s c r i b e d   e x p r e s s i o n s   f o r   t h e   e x c e e d a n c e  ra tes  a n d   p r o b a b i l i t y  
d e n s i t y   f u n c t i o n s   o f   a n   a i r c r a f t - r e s p o n s e   v a r i a b l e   y ( t ) .  

E v a l u a t i o n   o f  t h e  l e f t - h a n d  s ide  o f  t he  r e q u i r e m e n t s   o f  
Eqs .   (1 .18) ,  (1.19), a n d   ( 1 . 2 0 )   r e q u i r e s  a c a p a b i l i t y   t o   e v a l u a t e  
f rom  measurecj   turbulence  records t h e  a u t o c o r r e l a t i o n   f u n c t i o n  
RV(.r) o f  R n a f ( t ) ,  as i n d i c a t e d  b y  Eq. ( 1 . 2 1 ) .  S i n c e   o n l y   t h e  
d e r i v a t i v e s   o f   R v ( . r )  are r e q u i r e d ,  Rv(~) need b e  de t e rmined  
o n l y   t o   w i t h i n   a n   a d d i t i v e   c o n s t a n t .   I n   S e c .  5.4,  i t  i s  shown 
tha t  Rv(.r) may b e  expres sed  as 

- 2 a r c s i n '  [RZ (.r)/RZ ( O ) l ,  
h h 

where {![an a f ( t ) ] ) '  i s  a c o n s t a n t ,  Cov[=-*] i s  t h e   c o v a r i a n c e  
of  t n   w h ( t )   a n d  Rn w i ( t + T ) ,  which  can b e  e v a l u a t e d   d i r e c t l y  
from a high-pass  f i l t e r e d  v e r s i o n  w ( t )  o f   t h e   t u r b u l e n c e  
r e c o r d  w(t) as d e s c r i b e d   i n   S e c .  5 . t ,  and R Z  ( T )  i s  t h e  ( i n -  

v e r s e )   F o u r i e r   t r a n s f o r m   o f  t h e  h igh-pass  f i l t e r ed  v e r s i o n   o f  
@,(f)  d e f i n e d  by Eq. ( 5 . 2 8 ) .  A l l  o f  t h e  a b o v e   q u a n t i t i e s  are 
amenable t o  n u m e r i c a l   c a l c u l a t i o n   f r o m   t u r b u l e n c e   v e l o c i t y  
r e c o r d s .  To o b t a i n  Eq. ( 1 . 2 7 ) ,  we had t o  der ive a n   e x p r e s s i o n  
f o r  the a u t o c o r r e l a t i o n   f u n c t i o n   o f  t h e  n a t u r a l   l o g a r i t h m   o f  
t h e   s q u a r e   o f  a s t a t i o n a r y   G a u s s i a n   p r o c e s s  from the a u t o c o r r e -  
l a t i o n   f u n c t i o n  o f  t h e   p r o c e s s   i t s e l f .   T h i s   r e s u l t  is  g iven  
( f o r   p r o c e s s e s   w i t h   z e r o  mean a n d   u n i t   v a r i a n c e )  by Eq. ( 5 . 3 1 ) .  

2 

h 

The   above   work   sugges t s   t ha t , 2 in   add i t ion  t o  t he  au to -  
c o r r e l a t i o n   f u n c t i o n  R,(T) of  Rn af(t), a n   a d e q u a t e   c h a r a c t e r i z a -  
t i o n   o f   t u r b u l e n c e   r e c o r d s   f o r   a i r c r a f t   r e s p o n s e   p r e d i c t i o n s  
r e q u i r e s  t h e  s p e c t r a  Qw ( f )  and (f) of  t h e  components ws(t) 

and z ( t )  i n  t he  turbulence   model  o f  Eq. (1.1) a n d   t h e   p r o b a b i l i t y  
S 

z 
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d e n s i t y   f u n c t i o n   p ( u 2 )   o f  t h e  s q u a r e   o f  t h e  component u f ( t )  i n  
Eq. (1.1). A l l  o f  t i ese q u a n t i t i e s  are r e q u i r e d   f o r   c o m p u t a t i o n  
o f  response   exceedance  ra tes  - e .g . ,  see E q s .  (1.4) and ( 1 . 5 ) .  
I n   a d d i t i o n ,  i t  would be  des i r ab le  t o  t e s t  t h e  assump'tion t ha t  
{ w s ( t ) )  i s  a ( s t a t i o n a r y )   G a u s s i a n   p r o c e s s .  The " f i r s t - o r d e r  
t es t"  o f  t h i s  assumpt ion  i s  t h e  p r o b a b i l i t y   d e n s i t y   f u n c t i o n  
o f  t h e  component w s ( t ) .  E s p e c i a l 1 3   r e l e v a n t   m e t r i c s   o f  t h e  
p r o b a b i l i t y   d e n s i t y   f u n c t i o n s   o f  u ( t )  and w s ( t )  a re  t h e  low- 
o r d e r   c e n t r a l  moments - e. g. , see gq. (1.13). Fur thermore ,  
i t  a p p e a r s  l i k e l y  tha t  t h e  f o u r t h - o r d e r  moment, o f  t h e  r5sponse  
p r o c e s s  y ( t )  c an  be computed i f  t h e  power  spectrum  of u f ( t )  i s  
a v a i l a b l e ,   e v e n   i n   c a s e s  where n e i t h e r   o f  t h e  l o c a l l y   s t a t i o n a r y  
r e s p o n s e   c o n d i t i o n s   o f   E q s .  (1.19) and (1.20) are  s a t i s f i e d ,  
b u t  where t h e  requirement   of   Eq.  (1 .18 )  i s  s a t i s$ i ed .*  Thus,  i n  
a d d i t i o n   t o  t h e  a u t o c o r r e l a t i o q   f u n c t i o n  of  Rn u f ( t ) ,  t h e  power 
s p e c t r a   o f  z ( t ) ,  w s ( t )  , and u ( t )  and t h e  moments  and  prob- 
a b i l i t y  d e n s i t y   f u n c t i o n s   o f  u f ( t )  and w s ( t ) '  a r e   u s e f u l   t u r b u -  
l e n c e   c h a r a c t e r i z a t i o n s   f o r  t h e  p r e d i c t i o n   o f   a i r c r a f t - r e s p o n s e  
s t a t i s t i c s .  Methods f o r   c o m p u t a t i o n   o f  these  t u r b u l e n c e   m e t r i c s  
are  d e v e l o p e d   i n   S e c .  6 .  S p e c i f i c a l l y ,   m e t h o d s   f o r   e s t i m a t i n g  
t h e  s p e c t r a   o f  w s ( t )  and z ( t )  a r?  d e s c r i b e d   i n   S e c .  6 . 1 ,  methods 
f o r   e s t i m a t i n g  t h e  spec t rum  of  u f ( t )  are d e s c r i b e d   i n   S e c .  6 . 2 ,  
and  methods f o 5  e s t i m a t i n g  t h e  moments  and p r o b a b i l i t y   d e n s i t y  
f u n c t i o n s   o f  u ( t )  and w s ( t )  a r e  d e s c r i b e d ,   r e s p e c t i v e l y ,   i n  
Secs .  6 . 3  and g . 4 .  

r 

A s  i s  t h e  c a s e  w i t h  mos t   newly   deve loped   r e sea rch   r e su l t s ,  
t h e  m e t h o d s   a n d   c o n c l u s i o n s   r e p o r t e d   h e r e i n   r e p r e s e n t  a (hope- 
f u l l y   e r r o r  f r e e )  "first  c u t "  a t  t h e  problem  of   adequate ly  
t a k i n g   i n t o   a c c o u n t  - i n  a n o t   t o o   c o m p l i c a t e d   f a s h i o n  - t h e  
nonGaussian  behavior   of  r e a l  t u r b u l e n c e   r e c o r d s   f o r  t h e  purpose  
o f   p r e d i c t i n g   a i r c r a f t - r e s p o n s e   s t a t i s t i c s .  Recommended f u t u r e  
work  would inc lude   " f ine   t un ing"   and   improvemen t s   t o   me thods  
a n d   c o n c l u s i o n s   r e p o r t e d   h e r e i n .  

AcknowZedgernents .  Comments by Dr. Kenneth S i d w e l l  have 
b e e n   h e l p f u l   i n   s e v e r a l   s t a g e s   o f  t h i s  work a s  d e t a i l e d  i n  t h e  
f o o t n o t e s .  The t y p i n g   o f  t h e  r e p o r t  was c a r r i e d   o u t  by  Mrs. 
Linda  Nelson,  and t h e  f i g u r e s  were p repa red  by Ms. Maria Malg te r .  
The suppor t   o f  t h e  work by  N A S A  Lang ley   Resea rch   cen te r  i s  g r a t e -  
fu l ly   acknowledged .  

*This  r e s u l t  w i l l  b e  o f   u s e   i n  t he  case   o f   ve ry   h igh - speed  
a i r c r a f t .  
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N O N G A U S S I A N   T U R B U L E N C E  M O D E L  

Atmospheric  turbulence  velocity  measurements  are  usually 
made in sets of three records: the vertical, lateral, and 
longitudinal  time  histories.  When  Taylor's  hypothesis - i.e., 
x = Vt - is employed,  there  result  vertical,  lateral,  and  longi- 
tudinal records that are regarded  as  functions of a spatial 
variable x. The "standard"  turbulence  model is to assume  that 
each of these  records is a sample function drawn from a station- 
ary ( o r  homogeneous)Gaussian random process.  Furthermore,  it 
is generally  assumed  that  the  power  spectra of the vertical  and 
lateral  records  should  be  well  described by the  von  Karman 
transverse  spectrum and that  the  longitudinal  records  should 
be well  described by the von Karman  longitudinal  spectrum. 
Each of these two von Karman  spectral  forms  is  described by two 
parameters,  the rms turbulence  velocity u and  the  integral 
scale L. Since  the  power  spectral  density  provides a complete 
probabilistic  description of a Gaussian  random  process,  these 
von Karman  spectral  forms  provide  complete  statistical  descrip- 
tions of the  three  components of measured  turbulence  veloci- 
ties - if the stationary  Gaussian  model  with  von  Karman  spectra 
is a valid  model of turbulence  velocity  records. 

However,  results  predicted  by the above  model are not 
always in agreement  with  turbulence  measurements.  Differences 
between the model  and  observed  records  are  manifested in at 
least  two  ways: (1) the probabilities of large  excursions are 
underestimated by the  model,  and (2) the  low-frequency  content 
of turbulence  velocity  spectra  is  often  underestimated by the 
model. In addition, the  "knee" of measured  spectra  is  often 
less sharp than the knee of the  appropriate  von  Karman  spectral 
form. 

The fact  that  the  probability of large  excursions  is  often 
underestimated by the  standard  turbulence  model  is  directly 
attributable to the  fact  that  turbulence  time  histories  often 
appear  to  have a time-varying  envelope or patchy  character. 
One may regard  such  time  histories  to  be  either  nonstationary 
but  Gaussian or stationary  but  n0nGaussian.n For a given 
standard  deviation  (rms  value)  of  turbulence  velocity, a time 
variation in the  envelope  generally  has  the  effect of yielding 
more  large  excursions than the  Gaussian  probability  density 
predicts.  This  behavior  accounts  for the "concave  shape"  of 
turbulence  exceedance  plots. 

*The  distinction  between  nonstationary  Gaussian  behavior  and 
stationary  nonGaussian  behavior is, in general,  impossible  to 
make  with a single  time  history. It is often more c o n v e n i e n t  
to regard  such  records to be  stationary  but  nonGaussian (or 
locally  Gaussian). 

12 



The above comments suggest  that a given turbulence record, 
say w(t),  may be modeled by , 

where u(t)  may 
( o r  envelope), 

= 0, E(z2)  = .'1, 

be regarded as a time-varying  standard deviation 
and where {z(t)) is a stationary  process.  with 

zero mean value  and  unit standard.deviation, which  may 6e taken 
to be Gaussian.  Time  variations of  the'function u(t) account 
for the  patch-like character of atmospheric  turbulence  veloci- 
ties  observed in many  records. Insofar,as the visual appearance 
of the  velocity records is concerned, the function u(t)  may be 
regarded as either a stochastic or a deterministic  function. 
Appropriate choice of the  amplitude  distklbution of u(t) will 
allow the probability  distribution of w(t) to  take on a wide 
variety of forms. 

Visual inspection of turbulence records indicates one addi- 
tional feature that  cannot  be  accounted f o r  by the model of 
Eq. (2.1). Some records which  exhibit the patch-like character 
modeled by Eq.  (2.1)  also have superimposed on this  patch-like 
structure another very  low  frequency component, which appears 
to fluctuate independently of. the  envelope of the higher- 
frequency  components  that possess. the  patch-like  character. 
This apparent independence suggests  that a low-frequency term 
be added  to  Eq.  (2.1);  i.e., ' 

, .. 

where 

and 

In the  following work, we,shall assume that iws(t)),  Iuf(t)), 
and (z(t)) is  each a stationary  random  process  and  that 
(z(t)) is a Gaussian process with-zero mean  value  and  unit 
variance, as indicated by Eq. (2.5). The spectrlum of the 
yfs low' t  process  {ws(t>)  generally  'occupies a frequency range .' 
that  is  low in comparison  with  that  occupied by the "fast" 
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process (wf(t)); it is th,e low-frequency  contribution of (ws(t)) 
that  causes  underprediction  by the von  Karman  model of the 
low-frequency  part of the spectrum. Thus, we shall further 
assume  that  the  power  spectrum of (z(t)) is  described by the 
appropriate  von Karman form and  that (ws(t)}, i a f ( t ) ) ,  and 
{z(t)l are mutually  independent  processes. In some of our 
work, we shall  also assume that (ws(t)) is a zero mean Gaussian 
process. However, we shall n o t  want  to  assume  that (a(t)) is 
Gausslan, since such an assumption  would  permit a(t)  to  go 
negative. Equa t ion  ( 2 . 3 )  is t h e  s impzes t  mode2 o f   a t m o s p h e r i c  
t u r b u Z e n c e   t h a t   p o s s e s s e s   t h e   f Z e x i b i Z i t y   r e q u i r e d  t o  r e p r e s e n t  
r ead iZ l j   observabZe   f ea tures  of measured   turbu   Zence   records .  

At this juncture, it is  appropriate to illustrate  the  need 
for the model of E q .  (2.3) by examination of some  measured  tur- 
bulence  velocity  histories. The vertical  record  shown  in  Fig. 1 
(Ref. 1) illustrates a record  that is probably  reasonably  well 
modeled  by a stationary  Gaussian  process,  especially  the 
right-hand  half of the  record - i.e.,  from 120 sec  elapsed 
time to the  end. Thus, this  record  would  be  reasonably  modeled 
by Eq.  (2.3)  with  af(t)  set  equal to a constant - in which  case 
there  is  no  need for the term ws(t). 

The records shown  in Fig. 2 (Ref. 1) illustrate  mild  patch- 
like  behavior. For example,  the  patches  occurring at 150 and 160 
sec  elapsed  time on the  vertical  record  illustrate  distinctly 
nonstationary or nonGaussian  behavior. The number of  large 
excursions of the records shown in Fig. 2 is  substantially 
larger  than  would occur for  stationary  Gaussian  records  with 
the  same  standard  deviations and spectra. 

Each of the records shown in Fi.g. 2 also  exhibits an addi- 
tive low-frequency  component  that  appears to fluctuate  indepen- 
dently of the occurrence of the patches. For example, for the 
5-sec interval between 183 and 188 see on the  vertical record, 
high-frequency  fluctuations are absent; however, there  remains 
in that  interval a fluctuating  low-frequency  component.  Similar 
behavior  occurs  between  approximately 96 and 99 sec  elapsed 
time on  the  vertical  record  shown in Fig. 3 (Ref. 1). A strong 
low-frequency  component  is  present there; however,  high-frequency 
fluctuations  are  absent in that  interval.  These  "gaps"  cannot 
be explained in terms of statistical  fluctuations of a station- 
ary  Gaussian  process. 

Each of the  records  shown  in  Fig. 4 (Ref.  2)  drematically 
illustrates the tnree  components of the  turbulence  model of Z q .  
(2.3). For example,  in the region  from 9 min 0 sec to 9 min 
45 sec on the  vertical record, the  term of(t) in  Eq.  (2.3) 
is  negligible in comparison  with  the  very  strong  low-frequency 
component ws(t), which is clearly  present over the  entire 
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FIG. 1. T H E   V E R T I C A L   R E C O R D   F R O M  120 TO 270  S E C   E L A P S E D  TIME I L L U S T R A T E S   R E A S O N A B L Y  
S T A T I O N A R Y   G A U S S I A N   B E H A V I O R .   ( R e f .  1, F i . g .  1 7 . 3 2 ,  p .  2 2 3 , )  





FIG. 3. A N   A D D I T I V E   L O W - F R E Q U E N C Y   C O M P O N E N T  IS E V I D E N T  I N  T H E   V E R T I C A L   R E C O R D .  
(Ref. 1 ,  F i g .  17.34, p .  2 2 5 . )  
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r e c o r d .  A t  about  9 m i n  '15 s e c ,  u f ( t )  grows  and  then decays 
back t o  a small va lue   abou t   one   minu te  l a t e r .  The b e h a v i o r  
o f  t h e  r e c o r d s  shown i n  F i g .  4 cannot be modeled by a s i n g l e  
s t a t i o n a r y  G a u s s i a n  p r o c e s s .  

g e s t e d  by Reeves e t  aZ. [ 3 , 4 ]  for use  wi.th f l i g h t   s i m u l a t o r s .  
A m o d e l   f u n c t i o n a l l y  similar t o  Eq. ( 2 . 3 )  has been sug- 

However, in   Reeves '   model ,  I a ( t ) }  and { z ( t ) }  are  s p e c i f i e d  as 

I w f ( t ) }   b o t h   h a v e   t h e  same s p e c t r a l   f o r m  - t h e  Dryden  spectrum - 
( s t a t i o n a r y )   G a u s s i a n   p r o c e s s e s ,   a n d   t h e   p r o c e s s e s  {ws(t)} and 

has been  proposed  independent ly  by S i d w e l l  [SI and Mark [Si. I n  
and  both  have t h e  same i n t e g r a l   s c a l e .  The  model  of Eq. ( 2 . 1 )  

a d d i t i o n ,   S i d w e l l   i n  work c u r r e n t l y   b e i n g   c a r r i e d   o u t  a t  
NASA Langley Research Cen te r ,  has p r o p o s e d   t h e   a d d i t i o n  of  t h e  
low-frequency  component ws(t) i n d i c a t e d   b y  t h e  model of Eq. ( 2 . 3 ) .  

by   i nc lud ing  a m u l t i p l i c a t i v e   m o d u l a t i n g  term u s ( t )  i n  t h e  
slow component w s ( t ) .  I n  t h i s  c a s e ,   t h e  slow and fast compon- 

T h i s  g e n e r a l i z a t i o n ,   w h i c h  may have t o   b e  made a f t e r  f u r t h e r  
e n t s  w,(t) a l d  wy(t)   would have i d e n t i c a l   f u n c t i o n a l   f o r m s .  

modest  changes i n  t h e  methods  developed i n  t h i s  r e p o r t .  
examinat ion  of a d d i t i o n a l   t u r b u l e n c e   r e c o r d s ,   r e q u i r e s   o n l y  

The model of Eq. ( 2 . 3 )  could  b e  g e n e r a l i z e d  f u r t h e r  - e .g . ,  



L O C A L L Y  S T A T I O N A R Y  T U R B U L E N C E  A N D  A I R C R A F T  RESPONSE A P P R O X I M A T I O N S  

Condi t iona l  I n s t a n t a n e o u s  SDectrum o f  T u r b u l e n c e  Model 

I n   t h e   t u r b u l e n c e   v e l o c i t y  model   descr ibed  by  Eq. ( 2 . 3 ) ,   t h e  
t h r e e   s t o c h a s t i c   f u n c t i o n s   w s ( t ) ,   o f ( t ) ,   a n d  z ( t )  are assumed t o  
be mutua l ly   i ndependen t   s ample   func t ions   d rawn   f rom  the   t h ree   p ro -  
cesses  { w s ( t j } .   { o f ( t ) ) ,   a n d   { z ( t ) l .  For r e a s o n s   t h a t  w i l l  become 
e v i d e n t  l a t e r ,  we s h a l l   b e   c o n c e r n e d  here  w i t h   t h e   c o n d i t i o n a l  
i n s t a n t a n e o u s   s p e c t r u m   o f   t h e   s t o c h a s t i c   f u n c t i o n   d e f i n e d  by Eq 
( 2 . 3 ) ;  i . e . ,  

w ( t )  = ws(t) + U f ( t )  z ( t )  , ( 3 . 1 )  

where t h i s   i n s t a n t a n e o u s   s p e c t r u m  will be  condi t ioned   on  t h e  
stochnstir, f u n c t i o n  o f ( t ) .  The o p e r a t i o n   o f   f o r m i n g   t h e   c o n d i t  
e x D e c t a t i o n   r e a u i r e d   i n   d e v e l o o i n a   t h e   i n s t a n t a n e o u s   s o e c t r u m  0 

sna l  

To d e t e r m i n e   a n   e x p r e s s i o n  for t h e   c o n d l t i o n a l   i n s t a n t a n e o u s  
spec t rum of w ( t ) ,  we f i r s t  form t h e  c o n d i t i o n a l   i n s t a n t a n e o u s   a u t o -  
c o r r e l a t i o n   f u n c t i o n   o f   w ( t ) .  The r e q u i r e d   i n s t a n t a n e o u s   a u t o -  

and   F i sche r  [SI - as 
c o r r e l a t i o n   f u n c t i o n   a w ( ~ , t l o r ) i s   d e f i n e d  - e . g . ,  Mark C 7 1 ,  Mark 

= E{[w,(t-,) t 0 (t--) ~ c t - - ) ]  
T T T 

f 2  2 

where t h e   v e r t i c a l   o a r s   f o l l o w e d  b y  o f c t )  in t h e  l e f t -  and r i g h t -  
h a n d   s i d e s  o f  E q .  ( 3 . 2 )  i n d i c a t e   t h a t  t h e  e x p e c t a t i o n   o p e r a t i o n  
E{ ...I u f ( t ) l  assumes t h a t   t h e   ( s t o c h a s t i c )   f u n c t i o n   o f ( t )  is known 
or s p e c i f i e d ;   h e n c e ,   n o   a v e r a g i n g  is c a r r i e d   o u t   o v e r  t h e  ensemble 
of f u n c t i o n s   ( o f ( t ) ) .   S e e ,  for example,  p p .  55 and 56 of  Laning 
a n d   B a t t i n   [ 8 ]  for a b r i e f   d i s c u s s i o n   o f   t h e   n o t i o n  of  a c o n d i t i o n a l  
e x p e c t a t i o n .   ( C h a p t e r s  1 through 5 o f   t h i s   r e f e r e n c e   p r o v i d e  an 
e x c e l l e n t   i n t r o d u c t o r y   d i s c u s s i o n  o f  p r o b a b i l i t y   t h e o r y  and 
s t o c h a s t i c   p r o c e s s e s . )   E x p a n d i n g  t h e  r igh t -hand  s j .de   o f  Eq. ( 3 . 2 b )  

"The c o n c e p t   o f   t h e   p r o c e s s   w r ( t )   c o n d i t i o n e d  on t h e   p r o c e s s   o f ( t )  
has   been   used  b y  Sidwell   51.  

20 



a n d   r e c o g n i z i n g  t h a t  { w s ( t ) l  and  { z ( t ) }  a re  i n d e p e n d e n t   s t a t i o n a r y  
p r o c e s s e s ,  t h a t  E{z} = 0 .  and t h a t  o f ( t )  i s  b e i n g   t r e a t e d  as a 
known f u n c t i o n ,  we have 

where Q l q s ( ~ )  and @ z ( ~ )  are t h e  a u t o c o r r e l a t i o n   f u n c t i o n s  of { w s ( t ) l  
a n d   { z ( t ) l   a n d  where we have   de f ined  

w h i c h   r e q u i r e s   n o   s t o c h a s t i c   a v e r a g e   s i n c e   o , ( t )  i s  assumed t o  be 
s p e c i f i e d .  

The ( C o n d i t i o n a l )   i n s t a n t a n e o u s   s p e c t r u m  of w ( t )  i s  d e f i n e d  

@ w ( T , t l o f ) :  
[ e .g . ,  5,7 ]  as  t h e  F o u r i e r   t r a n s f o r m  w i t h  r e s p e c t   t o  T o f  

-m 

Recognizing t h a t  t h e  F o u r i e r   t r a n s f o r m   o f  a p roduc t  i s  t h e  con- 
v o l u t i o n  of t h e  t r a n s f o r m s ,   a n d   t r e a t i n g  t as a p a r a m e t e r   i n  E q .  
( 3 . 3 ) ,  t h e  c o n d i t i o n a l   i n s t a n t a n e o u s   s p e c t r u m  of w(t) may be  
immediately  obtained  f rom  Eq.  ( 3 . 3 )  as 

where aW ( f )  and @ , ( f )  are  t h e  power   spec t r a  of  t h e  s t a t i o n a r y  
p r o c e s s e s  { w s ( t ) l  and { z ( t ) } ,  which a r e  obta ined   by   forming  t h e  
F o u r i e r   t r a n s f o r m s  of t h e  a p p r o p r i a t e   a u t o c o r r e l a t i o n   f u n c t i o n s  - 
i . e . ,  

S 
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- and where t h e  c o n d i t i o n a l   i n s t a n t a n e o u s   s p e c t r u m   Q U f ( f , t l o f )  
i n  E q .  ( 3 . 6 )  i s  o b t a i n e d  by forming t h e  F o u r i e r   t r a n s f o r m  w i t h  
r e s p e c t  t o  T of @,,f(r , t lof) .   Equat ion ( 3 . 6 )  i s  t h e  des i red  ex- 
p r e s s i o n  for t h e  c o n d i t i o n a l   i n s t a n t a n e o u s   s p e c t r u m  of t h e  pro- 
c e s s  { w ( t ) l  d e f i n e d  by E q .  (3.1). 

S e r i e s  E x p a n s i o n  o f  C o n d i t i o n a l   I n s t a n t a n e o u s  
Spec t rum o f  Turbulence Model 

Equa t ion  ( 3 . 6 )  c a n  b e  w r i t t e n  as 

where 

( f , t l o  
Wr  

I s  t h e   c o n d i t i o n a l   i n s t a n t a n e o u s   s p e c t r u m  of t h e  component w , ( t )  
d e f i n e d  by E q .  ( 2 . 0 ) ;  i . e . ,  

If t h e  t e m p o r a l   v a r i a t i o n s   i n   o , ( t )   o c c u r   s l o w l y   i n   c o m p a r i s o n  
w i t h  t h o s e   o f   z ( t ) ,  we VJOUld  e x p e c t  t h e  c o n d i t i o n a l   i n s t a n t a n e o u s  
spectrum of wf(t)  t o   h a v e  t h e  form 

where @ z ( f )  i s  t h e  power s p e c t r a l   d e n s i t y  o f  t h e  p r o c e s s   ( z ( t ) ) .  
Equa t ion  ( 3 . 1 1 )  i s  t h e   l o c a l l y   s t a t i o n a r y   a p p r o x i m a t i o n   f o r   t h e  
c o n d i t i o n a l   i n s t a n t a n e o u s   s p e c t r u m  of t h e   " f a s t "   c o m p o n e n t   o f  
t u r b u l e n c e  w ( t l .  f 

F o r  most   measured   tu rbulence   records ,  t h e  f l u c t u a t . i o n s  of 
o f ( t )   d o ,  i n  f a c t ,   v a r y   s l o w l y   i n   c o m p a r i s o n  w i t h  t h o s e  of z ( t ) .  



Mark a n d   F i s c h e r  [6] d e r i v e d  a s e r i e s  r e p r e s e n t a t i o n  of the  con-  
d i t i o n a l   i n s t a n t a n e o u s   s p e c t r u m  O W f ( f , t l u f )  t h a t  e n a b l e s   o n e   t o  
de t e rmine  t h e  c o n d i t i o n s   r e q u i r e d  f o r  t h e  approximation o f  E q .  
( 3 . 1 1 )   t o  be  v a l i d .   T h i s  se r ies  r e p r e s e n t a t i o n  was d e v e l o p e d   i n  
terms o f  d i s t a n c e  x and  wavenumber k ,  r a t h e r  t h a n   i n  terms of  

a p p l i e d   d i r e c t l y   t o   t h e   v a r i a b l e s  t and f s imply  by  s u b s t i t u t i n g  
time t and  f requency f .  However, t h e  r e s u l t s   o f  Ref. 6 may be 

t f o r  x and f f o r  k .  A p p l y i n g   t h i s   s u b s t i t u t i o n ,  we f ind   f rom 
E q .  ( 4 . 1 1 )  o f  Ref. 6, with  minor   changes i n  n o t a t i o n ,  

where, from  Eq. ( 4 . 9 )  o f  Ref. 6 ,  @ L n ) ( f )  i s  d e f i n e d  as t h e  n t h  
d e r i v a t i v e  o f  t h e  power s p e c t r a l  d e n s i t y  @ , ( f )  o f   ( z ( t ) )  - i . e . ,  

A dn 
Z d f n  (3 .13)  

- and where 

The c o e f f i c i e n t s  a , ( t )  i n  Eq. (3 .12)   nay  be e x p r e s s e d   i n  terms o f  
t h e  d e r i v a t i v e s  of u f ( t )  b y  

a c c o r d i n g   t o   E q .  (4.19) of Ref .  ti. The q u a n t i t i e s  ( t )  are t h e  

may show t h a t  f o r  odd i n t e g e r   v a l u e s   o f   n ,  
b i n o m i a l   c o e f f i c i e n t s .  From t h e  a b o v e   e x p r e s s i o n   f o r  a n ( t ) ,  one 

a n ( t )  = 0 , n = odd . ( 3 . 1 6 )  

E x p r e s s i o n s   f o r  t h e  remainder  term R ~ + l ( f , t )  i n  E q .  ( 3 .12 )  are  
g i v e n  by E q s .  ( 4 . 7 )  and ( 4 . 1 3 )  o f  Ref. 6 .  We are  p a r t i c u l a r l y  
i n t e r e s t e d   i n  t h e  f i r s t  two  nonvanish ing  terms a n ( t )  which, 
a c c o r d i n g   t o   E q s .  ( 4 . 5 0 )  and   (4 .52 )  of Ref.  6, may be expres sed  
as 

a , ( t )  = o i ( t )   ( 3 . 1 7 )  



have for t h e  f irst  two nonvanish ing  terms i n  o u r  s e r i e s  expansion 
Combining Eqs .  (3 .121,   (3 .14) ,   (3 .161,   (3 .171,  and (3.181,  we 

f o r   O W f ( f , t l o f )  

The f irst  term i n  Eq. ( 3 . 1 9 )  is t h e  l o c a l l y   s t a t l o n a r y   s p e c t r u m  

Eq.  ( 3 . 1 9 )  is n e g l i g i b l e  i n  compar ison   wi th  t h e  f i r s t ,  t h e  l o c a l l y  
approx ima t ion   g iven  by E q .  ( 3 . 1 1 ) .  Whenever t h e  second term i n  

as 
s ta t ionary   approxim?. t ion  is v a l i d .   T h i s   c o n d i t i o n  may b e   e x p r e s s e d  

( 3 . 2 0 )  

The  above   condi t ion  will be e x p r e s s e d  i n  terms of measurable 
t u r b u l e n c e   v e l o c i t y  m e t r i c s  i n  a l a t e r  s e c t i o n  of t h i s  r e p o r t .  

a p p r o x i m a t i o n   t o  t h e  c o n d i t i o n a l   i n s t a n t a n e o u s   s p e c t r u m   o f   b o t h  
turbulence   components ;  i . e . ,  

By combining E q s .  ( 3 . 8 )  and ( 3 . 1 9 ) ,  we o b t a i n  t h e  s e r i e s  

i- ... , ( 3 . 2 1 )  

which is t h e  des i red  r e s u l t .   N o t i c e  t h a t  t h e   c o r r e c t i o n  term t o  

d e r i v a t i v e  o f  Lno$(t 1. Thus, when llno$(t 1 f l u c t u a t e s   s u f f i c i e n t l y  
t h e  l o c a l l y   s t a t l o n a r y   a p p r o x i m a t i o n   i n v o l v e s  t h e  second time 

s l o w l y  - i . e . ,  when Eq.  ( 3 . 2 0 )  i s  s a t i s f i e d  - t h e  l o c a l l y   s t a t i o n -  
a r y   a p p r o x i m a t i o n  is v a l i d .  



I 

C o n d i t i o n a l   I n s t a n t a n e o u s   S p e c t r u m   o f   A i r c r a f t   R e s p o n s e  

C o n s i d e r   a n   a i r c r a f t  w i t h  spa t i a l  d i m e n s i o n s '   n e g l i g i b l e   i n  
compar ison   wi th  t h e  s c a l e   o f  t h e  von Karman component z ( t )   o f  
t h e  tu rbu lence   mode l   o f  Eq.  (-2.31.. We may c h a r a c t e r i z e  a des i red  
a i r c r a f t   r e s p o n s e   v a r i a b l e  by  t h e - r e s p o n s e  . h ( t ) ,  o f  t h i s  v a r i a b l e  
t o  a " u n i t   i m p u l s e "   o f   t u r b u l e n c e   v e l o c i t y  w(t) a p p l i e d  a t  t = 0.  
However, f o r   r e a s o n s  t h a t  w i l l  become e v i d e n t  l a t e r ,  we s h a l l  
want t o  choose t h e  p o s i t i o n  o f  t h e  time o r i g i n  o f  h ( t )  so t ha t  
t h e  time c e n t r o i d   o f  h 2 ( t . )  o c c u r s  a.t t = 0 ;  i . e . ,  t h e  tiine o r i -  
g i n  - s h a l l  be  chosen s o  t ha t .  h . ( t )  s a t i s f i e s  

r t h 2 ( t ) d t  
.. ~ 

-00 - = 0 .. ( 3 . 2 2 )  
h 2  ( t ) d t  

-03 

E q u a t i o n   ( 3 . 2 2 )   d e f i n e s  a u n i q u e   p o s i t i o n   f o r  t h e  time o r i g i n  of 
h ( t ) ;  i t  i s  l o c a t e d  a t  t h e  c e n t e r - o f - g r a v i t y   o f  t h e  "mass d i s -  
t r i b u t i o n "  h2 ( t  ) . 

L e t  u s  deno te  t h e  c o n v e n t i o n a l l y   d e f i n e d   u n i t - i m p u l s e  
r e s p o n s e   f u n c t i o n  by  h ( t ) ,  where t h e  time o r i g i n   o f  E ( t )  i s  
g e n e r a l l y   c h o s e n  s o  t h a t  h ( t )  = 0 f o r  t < 0.  The time c e n t r o i d  
o f  h2 ( t ) ,  which w e  sha l l  deno te  b y  F E ,  i s  d e f i n e d  by  .. . . .  

t h 2 ( t > d t  

J 
-w  

Our d e f i n i t i o n   o f  h ( t )  t h a t  s a t i s f i e s  Eq. ( 3 . 2 2 )  may be r e l a t e d  t o  
t h e  c o n v e n t i o n a l l y   d e f i n e d  h ( t )  by 

which  can e a s i l y . b e  v e r i f . i e d  by s u b s t i t u t i o n   o f  E q .  ( 3 . 2 4 )   i n t o  
E q .  ( 3 . 2 2 ) ,   i n t r o d u c i n g  a c h a n g e   o f   v a r i a b l e ,   a n d   t h e n . s o l v i n g  , I  
for FE. The r e s u l t  o f  these o p e r a t i o n s  y i e l d s  E q .  ( 3 . 2 3 ) .  



To d e r i v e   t h e   d e s i r e d ' i n p u t - r e s p o n s e   r e l a t i o n s h i p s   f o r  air-  
c r a f t ,  w e  d e f i n e  the i n s t a n t a n e o u s   a u t o c o r r e l a t i o n  f u n c t i o n   o f  
the ( d e t e r m i n i s t i c )   u n i t - i m p u l s e   r e s p o n s e   f u n c t i o n  h ( t )  as 

from which we may d e f i n e  t h e  i n s t a n t a n e o u s   s p e c t r u m   o f   h ( t )  as 

L e t  ( y ( t ) )   d e n o t e   t h e   g e n e r a l l y   n o n s t a t i o n a r y   r e s p o n s e   p r o c e s s   o f  
t h e   a i r c r a f t ,   a n d  l e t  $ y ( ~ , t l o f )  a n d   a y ( f , t l o f )   d e n o t e  t h e  con- 
d i t i o n a l   i n s t a n t a n e o u s   a u t o c o r r e l a t i o n   f u n c t i o n   a n d   c o n d i t i o n a l  
i n s t a n t a n e o u s   s p e c t r u m   o f  t h e  r e s p o n s e .   T h e n ,   i n  Mark C 7 1  i t  i s  
shown t h a t   t h e   c o n d i t i o n a l   i n s t a n t a n e o u s   a u t o c o r r e l a t i o n   f u n c t i o n  
a n d   s p e c t r u m   o f   t h e   r e s p o n s e   p r o c e s s  are r e l a t ed  t o  t he  cor respond-  
i n g   c h a r a c t e r i z a t i o n s  o f  t h e  i n p u t   p r o c e s s  w ( t )  a n d   a i r c r a f t  by 

O Y ( T , t l U f )  = rf $,(S,U)  @w(T-E., t-u(Uf)dE.du  (3.27) 
-w-m 

and 
rm 

S u b s t i t u t i o n   o f  E q .  ( 3 . 8 )   i n t o  E q .  ( 3 . 2 8 )  y i e l d s  a n   e x p r e s s i o n  
f o r  t h e  c o n d i t i o n a l   i n s t a n t a n e o u s   r e s p o n s e   s p e c t r u m   i n  terms of 
t h e  s p e c t r a   o f   t h e  "slow" and " fas t  '' components - i . e .  , ws (t ) and 
w f ( t )  - o f   o u r   t u r b u l e n c e  model.: 

0 ( f , t l U f )  = Q h ( f , u )  Qw ( f ) d u  + Q h ( f , u )  Qw ( f , t - u l o f ) d U  
Y S f 

,w -m 
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where, in going to the second  line, we have used Eq. 14 on p. 26 
of Ref. 7 - applied to the deterministic  function h(t) - i.e., 

whe  re 
m 

H(f) = * / h(t)e -i2nft dt 

-m 

(3.31) 

is the aircraft  frequency-response  function. 

Equation  (3.29) i s  the  desired  spectrum  input-response 
relationship.  Notice  that the first  term in the  right-hand  side 
is the  contribution to  the response  spectrum  from  the "s low" 
turbulence  component ws(t) and that  this  contribution  has  the 
usual  form of a response spectrum. 

Ser ies   Expans ion  o f  C o n d i t i o n a l  I n s t an taneous  
Spectrum o f  Aircraf t   Response  

By substituting E q .  (3.12)  into E q .  (3.29),  and then per- 
forming  the  indicated  integration  term b y  term, we obtain a 
series  expansion  for the conditional  instantaneous  response 
spectrum Qy(f,t 1.f): 

where the third line  in  the  right-hand  side of the  above  ex- 
pression is the contribution of the  remainder  term. 



The r equ i r emen t   o f  Eq. (3 .20)  i s  tha t  the  f l u c t u a t i o n s   o f  
a $ ( t )   o c c u r   s l o w l y   i n   c o m p a r i s o n  w i t h  t he  f l u c t u a t i o n s ' o f  the  .. 

von Karman component z ( t ) .  This  l o c a l l y   s t a t i o n a r y   r e q u i r e m e n t  
i n v o l v e s   p r o p e r t i e s   o n l y  o f  t h e  t u r b u l e n c e .   O b t a i n i n g   o u r  
l o c a l l y   s t a t i o n a r y   r e p r e s e n t a t i o n   o f  t h e  a i r c r a f t   r e s p o n s e  
spec t rum @ ( f , t l a f )  f u r t h e r   r e q u i r e s  t h a t  f l u c t u a t i o n s   i n   a 2 ( t )  
be t y p i c a l y y   n e g l i g i b l e   o v e r  time i n t e r v a l s   c o m p a r a b l e   t o  t i e  
nomina l   du ra t ion   o f  t h e  a i r c r a f t   i m p u l s e   r e s p o n s e   f u n c t i o n  h ( t ) .  
We shall  now d e r i v e   e x p l i c i t   c o n d i t i o n s  tha t  must be sa t i s f ied  
f o r  a l o c a l l y   s t a t i o n a r y   r e s p o n s e   a p p r o x i m a t i o n   t o  be v a l i d .  

F i r s t ,  we r e c a l l   f r o m  E q s .  ( 3 . 1 5 )   t o   ( 3 . 1 8 )  t h a t  t he  terms 
a n ( t )  i n  E q .  ( 3 . 3 2 )   i n v o l v e   o n l y  t h e  time b e h a v i o r   o f  t h e  time: 
v a r y i n g   s t a n d a r d   d e v i a t i o n   a f ( t )   o f  t h e  "fast" t u r b u l e n c e  com- 
ponent  w f ( t )  - see,  e .g . ,  Eq .  ( 2 . 4 ) .  If a f ( t )   v a r i e s   s l o w l y   i n  
comparison w i t h  t h e  nomina l   du ra t ion   o f  h ( t ) ,  t h e n  a few terms 
i n  t h e  T a y l o r ' s  ser ies  expans ion   o f   an ( t -u )   abou t  t h e  i n s t a n t  
u = 0 shou ld   p rov ide  a good  approximation t o   a n ( t - u )   i n  E q .  ( 3 .32 )  
o v e r  t h e  i n t e r v a l   o f  u i n  the  i n t e g r a l  1: Q n ( f , u )   a n ( t - u ) d u ,  
where ( @ h ( f , u ) l  i s  n o t   n e g l i g i b l e .  T h i s  T a y l o r ' s  s e r i e s   e x p a n s i o n  
o f   a n ( t - u )  is 

where 

a n ( t - u )  = a n ( t )  - u a;(t) + a:(t) - U 2  

and  where  the  magni tude  of   the  remainder   term sa t i s f ies  

Here , 
of  an (M+l)(E) when 5 i s  v a r i e d   o v e r   t h e   r a n g e   o f   v a l u e s   ( t - u ) < 6 <  " t 

max ( M + 1 )  
E Ian ( E ) ]  d e s i g n a t e s  t h e  maximum v a l u e   o f  t h e  magnitude 
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o r   t z c l ( t - u ) ,   d e p e n d i n g   o n  whether u i s  p o s i t i v e  or n e g a t i v e ,  
r e s p e c t i v e l y .  We may  now s u b s t i t u t e  Eq. ( 3 . 3 3 b )   i n t o  Eq. ( 3 . 3 2 )  
a n d   i n t e g r a t e .  term by term. Def in ing  

we f i n d ,   u p o n   c a r r y i n g   o u t  t h i s  s u b s t i t u t i o n   a n d  t h e  r e s u l t i n g  
i n t e g r a t i o n ,  

( 3 . 3 7 )  

where t h e  l as t  t w o   l i n e s  are  remainder  terms t h a t  a re  of  academic 
i n t e r e s t   o n l y   i n s o f a r  as t h e   p r e s e n t   s t u d y  i s  concerned.   Equat ion 
( 3 . 3 7 )  i s  t h e  d e s i r e d   s e r i e s   r e p r e s e n t a t i o n   o f  t h e  c o n d i t i o n a l  
i n s t a n t a n e o u s   a i r c r a f t   r e s p o n s e   s p e c t r u m .  

Requirements f o r   V a l i d i t y   o f   L o c a l l y   S t a t i o n a r y  
Aircraf t   Response   Approximat ion  

The purpose  o f  t h e  p r e s e n t   s t u d y  i s  t o   d e t e r m i n e   c o n d i t i o n s  
under  which a l l  terms i n  E q .  ( 3 . 3 7 )  are  n e g l i g i b l e   e x c e p t  for 
t h o s e   c o r r e s p o n d i n g   t o  t h e  l o c a l l y   s t a t i o n a r y   r e s p o n s e   a p p r o x i -  
mat ion.  To accomplish t h i s  g o a l ,  w e  wr i t e  o u t  t h e  double  summa- 
t i o n   i n  t h e  s e c o n d   l i n e   i n  t h e  r igh t -hand s i d e  o f  E q .  ( 3 .37 )   and  
make u s e   o f  E q s .  ( 3 . 1 6 )   a n d   ( 3 . 1 7 ) .  These o p e r a t i o n s   y i e l d  



where t h e  f i r s t  l i n e   o n  t h e  r igh t -hand  s ide  i s  t h e  c o n t r i b u t i o n   t o  
t h e  r e s p o n s e   s p e c t r u m   @ y ( f , t l o f )   f r o m  t h e  " s low"   t u rbu lence  com- 
ponent  w s ( t ) ,  t h e  s e c o n d   l i n e  i s  t h e  expans ion   ove r  k = OYl,2,..~ 
o f  t h e  term n = 0 i n  t h e  double   summat ion   in  Eq. (3 .371 ,  t h e  t h i r d  
l i n e  i s  t h e  e x p a n s i o n   o v e r  k = 0,1,2,... o f  t h e  term n = 2 i n  t he  
double   summat ion   in   Eq .   (3 .37) ,   and  t h e  +... i n  t h e  l a s t  l i n e  
r e p r e s e n t s  terms n > 2 i n  t h e  summation  over n t o g e t h e r  w i t h  t h e  
r ema inde r  terms i n   t h e  l a s t  t w o   l i n e s   o f  Eq. ( 3 . 3 7 ) .  Also ,  i n  
w r i t i n g   o u t  Eq. ( 3 . 3 8 ) ,  we have  used t h e  r e l a t i o n s h i p  

mh ( " ( f )  = I H ( f ) 1 2  ( 3 . 3 9 )  

which i s  a d i r ec t   consequence   o f   Eqs .   (3 .30 )   and   (3 .36 ) .  We s h a l l  
d i s c u s s   i n t e r p r e t a t i o n   o f  t h e  q u a n t i t i e s  m A k ) ( f )  l a t e r  i n  t h i s  
r e p o r t .  

The f i rs t  l i n e   i n  t he  r i g h t - h a n d  s i d e  o f  E q .  ( 3 . 3 8 )   r e q u i r e s  
n o   f u r t h e r   d i s c u s s i o n .  The s e c o n d   l i n e ,   w h i c h   c o n t a i n s  terms 
co r re spond ing  to n = 0 f rom  Eq.   (3 .37) ,  i s  t h e   c o n t r i b u t i o n   t o  
@ y ( f , t l u f )   f r o m  t h e  l o c a l l y   s t a t i o n a r y   a p p r o x i m a t i o n   t o  t h e  con- 
d i t i o n a l   t u r b u l e n c e   s p e c t r u m   @ w f ( f , t l a f ) .  T h i s  i n t e r p r e t a t i o n  
may b e  seen  f rom  Eqs.   (3 .12)   and  (3 .191,  where we remind t h e  
reader t h a t  t h e   i n d e x  n i n  E q s .  ( 3 . 1 2 )   a n d   ( 3 . 3 7 )   p l a y s  t h e  same 
r o l e .  The t h i r d  l i n e   i n  t h e  r igh t -hand  s ide  o f  Eq. (3 .38 ) ,   wh ich  
c o n t a i n s  terms c o r r e s p o n d i n  t o  n = 2 f rom  Eq.   (3 .371,   contains  
t h e  c o n t r i b u t i o n s  t o  P y ( f , t 7 u f )  from t h e  f i rs t  c o r r e c t i o n  term 
t o  the l o c a l l y   s t a t i o n a r y   a p p r o x i m a t i o n   t o  t h e  c o n d i t i o n a l   t u r -  
b u l e n c e   s p e c t r u m   Q W f ( f , t l o f ) .   F u r t h e r m o r e ,  t h e  f i r s t  term w i t h i n  
each  of  t he  b r a c k e t s   i n  t h e  second  and t h i r d  l i n e s   i n  Eq. ( 3 . 3 8 )  
p r o v i d e s  t h e  l o c a l l y   s t a t i o n a r y   a p p r o x i m a t i o n  t o  t he  c o n d i t i o n a l  
r e sponse   spec t rum,  whereas t h e  second  and t h i r d  terms w i t h i n   e a c h  
o f  t h e  b r a c k e t s   i n  t h e  second  and t h i r d  l i n e s   i n  Eq. (3 .38 )   p ro -  
vide c o r r e c t i o n  terms to t h e  l o c a l l y   s t a t i o n a r y   a p p r o x i m a t i o n  to 
t he  c o n d i t i o n a l   r e s p o n s e   s p e c t r u m .  These second  and t h i r d  terms 
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w i t h i n  t h e  b r a c k e t s   r e s u l t   f r o m  the terms k = 1 and 2 i n  the 
expans ion   o f   an ( t -u )   g iven  by Eq. (3 .33) .   Thus ,  t h e  l o c a l l y  
s t a t i o n a r y   r e s p o n s e   a p p r o x i m a t i o n  t o  Qy(f , t  l a f )  t h a t  r e s u l t s   f r o m  
t h e  l o c a l l y   s t a t i o n a r y   a p p r o x i m a t i o n   t o  the.  t u rbu lence   spec t rum 
@ w f ( f , t l a f )  i s  

w h i c h ,   o f   c o u r s e ,   c o u l d   h a v e   b e e n   w r i t t e n   d i r e c t l y   f r o m  t h e  t u r -  
bulence  model   of  Eq. ( 3 . 1 ) .  

E q u a t i o n   ( 3 . 3 8 ) ,   t o g e t h e r  w i t h  t h e  above  comments,  provides 
u s  w i t h  t h e   c r i t e r i a  t h a t  must be met f o r  t h e  approx ima t ion   o f  
Eq. ( 3 . 4 0 )   t o  b e  v a l i d .  For t h e  l o c a l l y   s t a t i o n a r y   a p p r o x i m a t i o n  
t o  t h e  t u r b u l e n c e   s p e c t r u m  @ w f ( f , t l u f )  t o  b e  v a l i d ,  t he  f irst  
term i n  t h e  t h i r d  l i n e   o f  E q .  (3 .38)   must  b e  small i n   c o m p a r i s o n  
w i t h  t h e  f i rs t  term i n  t h e  s e c o n d   l i n e .  When E q .  (3 .18b)  i s  
i n t r o d u c e d   i n t o  E q .  ( 3 . 3 8 ) ,  t h i s  ZocaZZy s t a t i o n a r y   e x c i t a t i o n  
condition becomes 

which  must b e  s a t i s f i e d  i n   r e g i o n s  where u f ( t )  i s  n o t   n e g l i g i b l e .  
Equa t ion   (3 .41 )  i s  i d e n t i c a l  w i t h  E q .  ( 3 . 2 0 ) ,  as expec ted ,   except  
f o r  t h e  terms I H ( f ) I 2  i n  t h e  r igh t -hand s ide  of   Eq .   (3 .41) .  
I n c l u s i o n   o f  t h e  terms I H ( f ) I 2  r e l a x e s  t h e  requi rement   o f  E q .  
( 3 . 2 0 )   t o  t h e  e x t e n t  t h a t  t h e  r igh t -hand s ide o f  Eq. (3 .20)   need  
be  la rge  i n   c o m p a r i s o n  w i t h  t h e  l e f t - h a n d  s ide only   over  t h e  
r ange   o f   f r equenc ie s   where  l H ( f ) I 2  i s  n o t   n e g l i g i b l e .  

When t h e  approximat ion  o f  E q .  ( 3 . 4 1 )  i s  s a t i s f i e d ,  o u r  
l o c a l l y   s t a t i o n a r y   r e s p o n s e   c o n d i t i o n  i s  s a t i s f i e d  i f  t h e  second 
and t h i r d  terms w i t h i n  t h e  b r a c k e t s   i n  t h e  s e c o n d   l i n e   o f  E q .  
( 3 . 3 8 )  a re  small i n   c o m p a r i s o n  w i t h  t h e  f i r s t  term. Using t h e  
f a c t  t h a t  



(3.43) 

. . .  

Not ice  tha t  the co2;lditions o f  Eqs. , (3 .41)   and   (3 .43)   bo th   involve  
d e r i v a t i v e s   o f   R n u f ( t ) .  

t o  t h e  d e r i v a t i v e s ' o f  Rnu:(t), 'we  note tha t  
To r e l a t e  t h e  s e c o n d   l o c a l l y   s t a t i o n a r y   r e s p o n s e   c o n d i t i o n  

and 

1 d 2  

u: d t 2  

2 - "- 

h e n c e ,   r e a r r a n g i n g  Eq .  (3 .441,  we have 

(3 .44 )  

( 3 . 4 5 )  

From E q s .  ( 3 .39 )   and   (3 .45 ) ,  i t  i s  e v i d e n t   t h a t  t h e  c o n d i t i o n  
t h a t  t h e  second term w i t h i n  t h e  b r a c k e t s   i n  t h e  s e c o n d   l i n e  of 
Eq. (3 .38 )  be n e g l i g i b l e   i n   c o m p a r i s o n  w i t h  t h e  f i rs t  term may 
be expres sed  as 

which i s  t h e   s e c o n d  of our  ZocaZZy s t a t i o n a r y   r e s p o n s e   c o n d i t i o n s .  
When Eqs. ( 3 . 4 1 ) ,   ( 3 . 4 3 1 ,  and ( 3 . 4 6 )  a r e   a 2 1   s a t i s f i e d ,   t h e  
l o c a Z Z y   s t a t i o n a r y   c o n d i t i o n a l   i n s t a n t a n e o u s   r e s p o n s e   s p e c t r u m  
a p p r o x i m a t i o n   g i v e n  b y  E q .  ( 3 . 4 0 )  is v a l i d .  



The p h y s i c a l   s i g n i f i c a n c e  o f  t h e  c o n d i t i o n s   o f  E q s .  (3.411, 
(3 .43 ) ,   and   (3 .46 )  w i l l  be d i s c u s s e d   i n  a l a t e r  s e c t i o n   o f  t h i s  

r e p o r t ,  where e x p r e s s i o n s   f o r   m i l ) ( f )   a n d  m A 2 ) ( f )  w i l l  be g iven  
i n  terms o f  t h e  magnitude  and  phase  of  the  a i r c r a f t   f r e q u e n c y  
r e s p o n s e   f u n c t i o n  H ( f ) .  Methods f o r   e v a l u a t i o n  of t h e  r e q u i r e d  
t u r b u l e n c e   m e t r i c s   t o  t e s t  f o r   t h e   s a t i s f a c t i o n   o f   t h e   c o n d i -  
t i o n s   o f  Eqs .  (3 .41 ) ,   (3 .431 ,   and   (3 .46 )   a l so  w i l l  be d e r i v e d  
l a t e r  i n  t h i s  r e p o r t .  

The impor t ance   o f  t h e  l o c a l l y   s t a t i o n a r y   t u r b u l e n c e   a n d  
r e sponse   approx ima t ions  has been   po in ted   ou t  by  S idwel l  - e . g . ,  
pp. 19-22 and  p .  4 1  o f  R e f .  5. 
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AIRCRAFT RESPONSE EXCEEDANCE RATES A N D  
PROBABILITY  DENSITY  FUNCTIONS 

G a u s s i a n   P r o p e r t y   o f   R e s p o n s e   P r o c e s s  
C o n d i t i o n e d   o n   t h e  u f ( t )  P r o c e s s  

I n   t h i s   s e c t i o n ,   t h e   l o c a l l y   s t a t i o n a r y   i n s t a n t a n e o u s  re- 
sponse  spectrum  approximation  given  by Eq. (3 .40 )  w i l l  be u s e d   t o  
d e r i v e   e x p r e s s i o n s   f o r   a i r c r a f t - r e s p o n s e   e x c e e d a n c e  rates and 
p r o b a b i l i t y   d e n s i t y   f u n c t i o n s .   I n   e v a l u a t i n g  the  u s e f u l n e s s  of 
t h e s e   r e s u l t s ,  we r e c a l l   t h a t   t h e   u n i t   i m p u l s e - r e s p o n s e   f u n c t i o n  
h ( t ) ,  i n t r o d u c e d   i n  t he  las t  s e c t i o n ,  may be   r ega rded  as d e s c r i b -  
i n g  t h e  r e s p o n s e   o f   a n y   p a r t i c u l a r   p a r t   o f   t h e   a i r c r a f t   m o d e l e d  
as a l i n e a r   c o n s t a n t   p a r a m e t e r   s t r u c t u r e .  For  e x a m p l e ,   h ( t )  may 
be   chosen   t o   desc r ibe  the  s t r e s s   r e s p o n s e  a t  a c r i t i c a l   s e c t i o n  
i n  a wing   spar .  

I n  t h e  d e r i v a t i o n s   t o   f o l l o w ,  w e  s h a l l  assume t h a t   t h e   " s l o w "  
component w 8 ( t )  and t h e  component z ( t )   i n   t h e   t u F b u l e n c e  model  of 
Eq. ( 2 . 3 )  are b o t h   s t a t i o n a r y   G a u s s i a n   p r o c e s s e s   w i t h  zero mean 
v a l u e s .  When w s ( t l  and z ( t )   s a t i s f y   t h i s   s t a t i o n a r y   G a u s s i a n  
assumption, t h e   r e s p o n s e  process  y ( t ) ,  c o n d i t i o n e d   o n   t h e   p r o c e s s  
uf(t), is a zero  mean s t r i c tZy  Gauss ian   (genera223   nons ta t ionary l  
p r o c e s s .  To p r o v e   t h i s ,  we f i rs t  n o t e   t h a t   e a c h   s a m p l e   f u n c t i o n  
o f   y ( t  ) can be expres sed  as 

where 

and 

where t h e   v e r t i c a l   b a r s   f o l l o w e d  by a f   d e n o t e  t h e  f a c t   t h a t ,   i n  
t h e   s t o c h a s t i c   p r o c e s s   i n t e r p r e t a t i o n   o f   t h e   a b o v e   r e s u l t s ,   t h e  
s a m p l e   f u n c t i o n s   a f ( t )  are  t o  be   r ega rded  as known o r   s p e c i f i e d  
b u t   o t h e r w i s e   u n r e s t r i c t e d   f u n c t i o n s  o f  time. According t o  
E q .  (4.1), ( y ( t ) l a  1 i s  t h e  sum o f  two ( i n d e p e n d e n t )   p r o c e s s e s  
f y s ( t ) )   a n d   { y f ( t ) f a f ) ,   s i n c e  w s ( t )  and z ( t )  a re  assumed t o  be 
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indcpcndent .  By a s sumpt ion , .  { w s ( t ) )  i s  a Gauss i an   p rocess .   S ince  
any l i n e a r  t r a n s f o r m a t i o n  of a G a u s s i a n   p r o c e s s   r e s u l t s   i n  a 
Gauss i an   p rocess ,  e . g . ,  see Cramer C 9 1 ,  pp.  312,31.3, i t  f o l l o w s  
t h a t  { y s ( t ) )  i s  a Gauss i an   p rocess .   Thus ,   s ince  tlli;. sum o f   any  
number o f  i ndependen t   Gauss i an   p rocesses  i s  i t s e l f   G a u s s i a n ,  
e .g . ,  Cramer [ 9 ] ,  pp.  316-317, i t  fo l lows  tha t  t h e  p r o c e s s  
{ y ( t ) l a f ) w i l l  be G a u s s i a n   ( b u t   g e n e r a l l y   n o n s t a t i o n a r y ) ,  i f  t h e  
p r o c e s s   { y f ( t ) l a f )  i s  Gauss i an .   However ,   acco rd ing   t o  Eq. ( 4 . 3 ) ,  
{ y f ( t ) l a  1 i s  a l i n e a r   t r a n s f o r m a t i o n   o f  { w y ( t )  l a f ) ;  t h u s ,  
{ y ( t ) l o f f  w i l l  b e  Gaussian i f  { w f ( t ) l a f )  i s  Gauss i an .   Fu r the r -  
more, a c c o r d i n g   t o  Eq. ( 2 . 4 ) ,  when a f ( t )  i s  cons ide red  as a known 
or s p e c i f i e d   f u n c t i o n ,  w f ( t )  i s  a (memory le s s )   l i nea r   t r ans fo rma-  
t i o n  o f  z ( t ) ;   h e n c e ,  t h e  p r o c e s s   { w f ( t ) l o  1 i s  Gaussian.   There- 
f o r e ,  t he  c o n d i t i o n a l  r e s p o n s e  p r o c e s s   { y f t )   [ o f )  i s  a ( g e n e r a l l y  
n o n s t a t i o n a r y )   G a u s s i a n   p r o c e s s .  T h i s   r e s u l t   d o e s   n o t   d e p e n d  
on any o f  t h e   Z o c a l l y   s t a t i o n a r y   r e q u i r e m e n t s  of Eqs. ( 3 . 4 1 ) ,  

I 

1 ( 3 .  4 3 1 ,  o r  ( 3 . 4 6 ) .  

I I n  t h e  fo l lowing   work ,  we s h a i l  r e q u i r e  t h e  f i r s t - o r d e r  
p r o b a b i l i t y   d e n s i t y   f u n c t i o n s   o f   { y ( t ) )   c o n d i t i o n e d   o n  t h e  
p r o c e s s  crf(t). According t o  t h e  above  comments, t h i s  p r o b a b i l i t y  
d e n s i t y   p ( y l a F )  i s  Gauss ian ;  i . e . ,  * 

where (a2 la;)’2 i s  t h e   s t a n d a r d   d e v i a t i o n  o f  t h e  r e sponse   p rocess  
{ y ( t ) l a f r  g iven  t h a t   a , - ( t )  i s  s p e c i f i e d ;  i . e . ,  (n$laf)% i s  t h e  
s q u a r e   r o o t  o f  t h e  c o n d i t i o n a l   v a r i a n c e :  

We a l s o  s h a l l  r e q u i r e  t h e  f o u r t h  moment o f  y ( t ) ,  g iven  t h a t  a f ( t )  
i s  s p e c i f i e d .  From Eq. ( 4 . 4 )  and known p r o p e r t i e s   o f  t h e  Gaussian 
d e n s i t y   f u n c t i o n  - e . p . ,  p p .  2 2 0 - 2 2 1  of Parzen [ I O ]  - t h i s  f o u r t h  
moment i s  

*We have  used  both p ( * = * l a f )  a n d   p ( * - - l o f )   t o   d e n o t e  t h e  f a c t  
t h a t  t h e  v a l u e   o f  t h e  p r o c e s s  af i s  s p e c i f i e d .  These are  
e q u i v a l e n t   c o n c e p t s .  T h i s  equ iva lence  i s  u s e d   i n   o t h e r   n o t a -  
t i o n s  as wel l .  

35 



G e n e r a l  . .  E x p r e s s i o n  f o r  A.i.rcraft  'Response,  . 'Ex.'ceedan,ce R a t e s  

.Numerous r e 9 e r e n c e s   i n  t h e  a e r o n a u t i c a l ,   l i t e r a t u r e   h a v e  . '  

deal t  wi.t.h %he ,mean rate. o,f e x c e e d a n c e s   o f   a n   a i r c r a f t - r e s p o n s e  
v a r i a b l e   y ( t )  past some s p e c i f i e d   t h r e s h o l d   l e v e l .  Here, w e . .  
shal l  deal w i t h  t h e  expec ted  number o f   c r o s s i n g s  w i t h '  p o s i t i v e  
s l o p e  N+(y)   of  t h e  r e s p o n s e  past a s p e c i f i e d   , l e v e l  y .  It was 
shown by  Rice [ I l l  on pp. 189-193 o f  t h e  Wax e d i t i o n  t ha t ,  f o r  
s t a t i o n a r y   p r o c e s s e s ,  one .has i 

where p ( y , i )  i s - t h e  j o i n t  p r o b a b i l i t y  d e n s i t y   f u n c t i o n   o f  y and 
i t s  d e r i v a t i v e  y .  A d e r i v a t i o n   o f  t h f s  r e s u l t ' a l s o  i s  given  on 
pp.  45-47 of   Crandal l   and  Mark [ I Z ] .  The r e s u l t  o f  E q .  ( 4 . 7 )  
a p p l i e s  t o  nonGaussian as well as Gaussian  processes . '   Using t h e  
c o n d i t i o n a l   j o i n t   p r o b a b i l i t y   - d e n s i t y   f y n c t i o n  p ( y , i  I .uf)  o f  t he  
a i r c r a f t   r e s p o n s e  y and i t s  d e r i v a t i v e  y ,  w e  may fo rma l ly  express 
Eq. ( 4 . 7 )  as 

0 0 

r w  

0 

where we have-   def ined 

which w e  may regard as t h e  expected number   o f   th reshold   c ross ings  
w i t h  p o s i t i v e   s l o p e  o f  t he  a i r c r a f t   r e s p o n s e  past  the s p e c i f i e d  
l e v e l   y ,   g i v e n  t h a t  a ; ( t )  i s  s p e c i f i e d .  



Several comments  about E q s .  (4.8) and (4.9) are i.n.order 
at this juncture. First, p(y,glof)'designates  the  .joint  pro- 
bability  density of-the response y and its derivative 9 ,  given 
that thg .stochastic' f u n c t i o n  af(t). is specified.  Therefore, ' 
p(y,$laf). is -a function  of  time. ' Furthermore,  because .of this 
fact, the  integration  involved  in  the  formal  determination o f .  
P(Y,$) from p(y,$laf) . -  1.e. , , .  

(4.10) 

. .  0 
, .  

. -  

- must actually'be regarded  as  an  infinite dimensional  integration 
over an  infinite  dimensional  space ap(t 1 1, Of(ti) , .u$(ts), ' 

However; when 'interpreted' in this  manner,  the  operations  in E q s .  
(4.8)  and  (4.9)  are  valid. In particular, it follows  from  the 
above  derivation  that E q .  (4.9) is valid  even  though the.condi- 
tional  process {y(t)lar(t)l IS not  stationary. 

I as ti+l-ti,  for all 1 = 1,2,3,... is  made to shrink to zero. 

In order to evaluate p(y,ijag) for the purposes o f  this 
report, we shall want  to  assume  that {y(t)laf(t)) is  locally 
stationary.  When {y(t)la (t)) is  stationary.with zero mean  value, 
it is known that Eiy Oluff = 0; i.e., y and y are  uncorrelated. 
It is shown in  Appendix A of this  report  that  when the conditional 
instantaneous  spectrum of the aircraft  response  satisfies Eq.  
(3.40) - i.e., when the conditions of Eqs.  (3.411, (3.431, and 
(3.46) are  satisfied - the  conditional  correlation  coefficient 

(4.11) 

is negligibly  small. Hence, for  cases  where  Eq. (3.40) is  valid 
and  where the turbulence  processes {ws(t)) and {z(t)) in Eq.  (2.3) 
are Gaussian  with  zero  mean  values,  the  joint  conditional  pro- 
bability  density  p(y,flaf)  is  two-dimensional  Gaussian 1.n the 
uncorrelated  variates y and $. Hence, when t h e   l o c a l l y   s t a t i o n a r y  
c o n d i t i o n   o f  Eq. ( 3 . 4 0 ) i s  s a t i s f i e d ,  we  may  apply  Rice's well 
known formula [ I I ] ,  p. 193 of  the  Wax edition, to the  evaluation 
of  Eq. ( 4 . 9 ) :  

" 2 

(4.12) 
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. .  . 

where $ y ( ~ , t l a f )  i s  the c o n d i t i o n a l   i n s t a n t a n e o u s   a u t o c o r r e l a t i o n  
f u n c t i o n   o f  t h e  r e s p o n s e ,   d e f i n e d   i n  a manner   completely  analogous 
t o  Eq. (3.2a), and where t h e  d i f f e r e n t i a t i o n   i n d i c a t e d   i n  t h e  
b r a c k e t s  i s  wi th  r e s p e c t   t o  r .  

To e v a l u a t e  t h e  q u a n t i t y   w i t h i n  t h e  b r a c k e t s   i n  Eq. ( 4 . 1 2 ) ,  
w e  f i rs t  note   f rom the  F o u r i e r  mate t o  Eq. (3.5) t ha t  t h e  condi-  
t i o n a l   i n s t a n t a n e o u s   a u t o c o r r e l a t i o n   f u n c t i o n  0 ( . r , t l a f )  i s  t h e  
i n v e r s e   F o u r i e r   . t r a n s f o r m  with r e s p e c t   t o  f o f  t h e  c o n d i t i o n a l  
i n s t a n t a n e o u s   s p e c t r u m  @, ( f , t l a f ) ;  i . e . ,  

"m 

H e n c e ,   s e t t i n g  T e q u a l  t o  z e r o   i n  Eq. (4 .13 )  y i e l d s  

F u r t h e r m o r e ,   d i f f e r e n t i a t i o n   o f  Eq .  ( 4 . 1 3 )  t w i c e  w i t h  r e s p e c t   t o  
T y i e l d s ,  a f te r  s e t t i n g  T e q u a l  t o   z e r o   i n  t h e  r e s u l t i n g   e x p r e s s i o n :  

where t h e  s e c o n d   l i n e  i s  a well-known r e s u l t  - e . g . ,  pp .  190-192 
o f   t h e  Wax e d i t i o n   o f  Ref. 11, o r  p p .  47-48 of  Ref.  12 - and 
where t h e  v a l i d i t y   o f   t h e   s e c o n d   l i n e   d e p e n d s   o n  t h e  l o c a l l y  
s t a t i o n a r y   p r o p e r t y   o f  Eq. ( 3 . 4 0 ) .  

We may  now u s e  Eq. ( 3 . 4 0 )   t o   e v a l u a t e  t h e  r igh t -hand  s ides  
o f  E q s .  ( 4 . 1 4 )  and  (4.15).   Combining E q s .  (3 .40)   and  ( 4 . 1 4 )  
y i e l d s  



I 

where .co 

and 

Similarly,  combining E q s .  (3.40) and (4.15) yields 

and 

(4.16) 

(4.18) 

(4.20) 

Finally, by combining E q s .  (4.14),  (4.15)y (4.161, and  (4.19) 
with E q .  (4.12), we obtain our  final  expression for the  condi- 
tional  rate of exceedance  crossings  with  positive  Slope: 

.. 2 

which is valid  whenever  the  locally  stationary a  proximation of 
E q .  (3.40) is valid. 'The quantities o2 a 2  , 0: and a?  

YS y z  YS y z  
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w i t h i n  t h e  b r a c k e t s   i n  Eq. ( 4 . 2 2 )  are  t o  b e   e v a l u a t e d   u s i n g  
Eqs. ( 4 . 1 7 ) ,   ( 4 . 1 8 1 ,  ( 4 . 2 0 1 ,  and ( 4 . 2 1 ) .  When Eq. ( 4 . 2 2 )  i s  
s u b s t i t u t e d   i n t o  Eq. (4 .81 ,  we o b t a i n  a g e n e r a l   e x p r e s s i o n   f o r  
t h e  mean exceedance r a t e  o f   t h e   a i r c r a f t   r e s p o n s e   e x p r e s s e d   i n  
terms of t h e  p r o b a b i l i t y   d e n s i t y   f u n c t i o n  p(a:) o f  t he  s t o c h a s t i c  
f u n c t i o n  a:(t 1. 

S e r i e s  Approximation o f   A i r c r a f t  Response  Exceedance  Rates 

E v a l u a t i o n   o f . t h e   e x p r e s s i o n   f o r  the  response   exceedance  
r a t e  N + ( y )  g iven  by  Eq. (4 .8 )   r equ i r e s   knowledge   o f  t h e  p r o b a b i l i t y  
d e n s i t y   f u n c t i o n   p ( a f ) .  However, fo r   ca ses   where  t h e  v a r i a n c e  o f  
a$ - i . e . ,  

- i s  s m a l l   i n   c o m p a r i s o n  w i t h  t h e  s q u a r e   o f   t h e  mean E{at) o f  a:, 
a u s e f u l   s e r i e s   a p p r o x i m a t i o n   t o  N + ( y )  can  be o b t a i n e d ,  as we 
shall  now show. 

L e t   u s   c o n s i d e r   N + ( y ( a r )  as a f u n c t i o n   o f  the  v a r i a b l e  a!. 2 

C o n s i d e r   t h e   T a y l o r ' s   s e r i e s   e x p a n s i o n  o f  N+(yla$) ,   where , the  
expans ion  i s  t o  be   cen tered   about  t h e  expec ted   va lue   o f   a f  - i . e . ,  

We may fo rma l ly  write t h i s  expans ion  as 

( 4 . 2 4 )  

where we have   de f ined  
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I 

and 

(4.26) 

L e t  u s  now s u b s t i t u t e  Eq. (4 .25a )  i n t o  E q .  (4.8) a n d   i n t e r c h a n g e  
t h e   o r d e r s   o f   i n t e g r a t i o n   a n d   s u m m a t i o n :  

m 

(u:-uf) p ( a F ) d ( a F )  
- 

N + ( Y )  = c 2 k  

k= 0 
O 

where 
r m  

(4.28) 

i s  t h e  k t h  c e n t r a l  moment o f  t h e  s t o c h a s t i c   v a r i a b l e  a' The 
r eason  f o r  choos lng  t h e  e x p a n s i o n   c e n t e r   o f  t h e  Tay lo r  P '  s se r i e s  
of  Eq. (4.25) about  t h e  p o i n t  a: = may be  s e e n  from Eqs. 
(4.28) and (4.29). According t o  Eq:'(4.29), 

- 

(11 
Po; E O  ; (4.30) 

i . e . ,  t h e  term k = 1 i n  t h e  expans ion  of E q .  (4.28) - van i shes  when 
t h e  c e n t e r  o f  t h e  T a y l o r ' s  s e r i e s  expans ion  i s  ay. Furthermore,  
i t  i s  known - e . g . ,  Ref.  9, p .  175 - t h a t  t h e  second moment of 
u; i s  minimized when t a k e n   a b o u t  u f ;  consequen t ly ,  t h e  term 
k=2 i n  t h e  expansion  of  Eq. (4.28) i s  minimized when t h e  expansior .  
c e n t e r  o f  t h e  T a y l o r ' s  s e r i e s  expans ion  of Eq. (4.25) is t a k e n  

2 

- 

as u f .  The f i rs t  few terms o f  Eq. (4.28) are  
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D i s c u s s i o n .  It i s  immedia t e ly   obv ious   u s ing   cond i t iona l  
e x p e c t a t i o n s  - e .g . ,  R e f .  8,  pp.  55-56 - t h a t  when we c o n s i d e r  
ah t o  be  a s t o c h a s t i c   v a r i a b l e ,  w e  may e x p r e s s  t h e  mean-square 
a i r c r a f t   r e s p o n s e   E { y 2 }  as 

r" 

0 

f" 

where we have  used  Eq. (4.16), w i t h  an   obvious   minor   change   in  
n o t a t i o n ,   a n d   t h e   d e f i n i t i o n   o f  Eq. (4.24). Consequent ly ,  i t  
f o l l o w s   d i r e c t l y   f r o m   E q s .  (4.22) and (4.32) t ha t  t h e   f i r s t   t e r m  
N + ( y l u 2 1  i n   t h e   s e r i e s  of Eq. ( 4 . 3 1 )  i s   t h e   r e s p o n s e   e x c e e d a n c e  
r a t e  o ri e w o u l d   c o m p u t e   b y   a s s u m i n g   t h a t   t h e   a i r c r a f t   r e s p o n s e  
y ( t l   i s  a s t a t i o n a r y   G a u s s i a n   p r o c e s s   w i t h  a v a r i a n c e   e q u a l   t o  
t h e   a c t u a l   v a r i a n c e  E { y 2 )  g i ven   by  Eq. ( 4 . 3 2 ) .  I t  f o l l o w s   t h a t  
t h e   t e r m s  k = 2 , 3 , .  . . i n  Eqs.  ( 4 . 2 8 )  and ( 4 . 3 1 )  a r e   c o r r e c t i o n  
t e r m s   t o   t h e   G a u s s i a n   a p p r o x i m a t i o n  N + ( y l u f )  o f  t h e   t r u e   a i r -  
c r a f t   e x c e e d a n c e   r a t e   N + ( y l ,   w h e r e   t h e s e   c o r r e c t i o n   t e r m s   t a k e  
i n t o   a c c o u n t   t h e   n o n G a u s s i a n   n a t u r e  of t h e   a i r c r a f t   r e s p o n s e  
t h a t  i s  c a u s e d   b y   t h e   s t o c h a s t i c   v a r i a t i o n s   i n   t h e   q u a n t i t y  
u f ( t )  i n   t h e  model  of Eq. ( 2 . 3 ) .  

- 

- 

The behav io r  o f   t h e  f i r s t  c o r r e c t i o n  term, 

t o  t h e  Gauss ian   approximat ion  N + ( y l a f - )  i n  Eq. (4.31) i s  of 
s p e c i a l   i n t e r e s t ,   s i n c e  t h i s  c o r r e c t i o n   t e r m   g o v e r n s , t h e   b e h a v i o r  
o f  t h e  dev ia t ion   f rom  Gauss i an   behav io r  N + ( y )  when LI 2 i s  small 
i n  comparison w i t h  (q)2.  It i s  shown i n  Appendix B o f  t h i s  

(2) 
O f  
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I 

- 
r e p o r t  t ha t  N i 2 ) ( y  10;) can b e  e x p r e s s e d ,   e x a c t l y ,  as 

(4 .33 )  

and  where we have  used t h e  n o t a t i o n  

and 

When E q .  ( 4 .33 )  i s  s u b s t i t u t e d   i n t o  Eq. (4 .31) ,   and   on ly   one   cor -  
r e c t i o n   t e r m   t o   t h e   G a u s s i a n   a p p r o x i m a t i o n  i s  r e t a i n e d ,  we o b t a i n  

hence,  we s e e  t h a t  t h e  q u a n t i t y  Q ( 2 ) ( y l u ; )  i s  o f  t h e  na ture   o f  a 
m u l t i p l i c a t i v e   c o r r e c t i o n   f a c t o r   t o  the Gaussian approximat ion  

- 

Often - e . g . ,  Ref. 1 3  - t h e  l o g a r i t h m  o f  t he  normal ized  
exceedance r a t e  N+(y) /N+(O)  i s  p l o t t e d .   D i v i d i n g  Eq. (4 .36)  by 
N+(O) a n d   t a k i n g  t h e  n a t u r a l   l o g a r i t h m   o f   t h e   r e s u l t i n g   e x p r e s s i o n  
g i v e s  
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(4 .37)  

where, i n   g o i n g   t o   t h e   s e c o n d  l i n e ,  we have  used t h e  f i r s t  term 
i n   t h e   M a c l a u r i n   e x p a n s i o n   o f  Rn( l+x)  - i . e . ,  Rn( l+x)  z x,  which 
h a s   a p p r o x i m a t e l y   t e n   p e r c e n t  e r r o r  when x = 0 . 2 .  I t  f o l l o w s   f r o m  
Eq. ( 4 . 3 7 )  t h a t ,  f o r  s u f f i c i e n t l y   s m a l l   v a l u e s  of u a 2  ( 2 )  , t h e  
f u n c t i o n  Q(2)(y g o v e r n s   t h e   d e v i a t i o n  of a p l o t  fof 

d - 
Rn[N+(y)/N+(O)] f r o m   t h e   q u a n t i t y  Rn[N+(y lu;)/N+(O)] which i s ,  
e x c e p t   f o r  a p o s s i b l e   c o n s t a n t   f a c t o r ,   t h e   r e s u l t   p r e d i c t e d  i f  
one   a s sumes   t ha t  y ( t )  is s t a t i o n a r y   a n d   G a u s s i a n .  

I n   o r d e r   t o   d i s c u s s   f u r t h e r  t h e  r e s u l t  of E q .  ( 4 . 3 7 ) ,  we 
sha l l  r e s t r i c t  our a t t e n t i o n   t o  t h e  case  where t h e  a i r c r a f t  re- 
s p o n s e   t o   t h e  component w s ( t )  o f  ou r  model o f  E q .  ( 2 . 3 )  i s  neg- 
l i g i b l e .  Th i s   a s sumpt ion   imp l i e s  t h a t  u 2  : 0 i n  E q s .  ( 4 . 3 5 a )  
and   (4 .35b) .   Consequent ly ,   for  t h i s  l i m i t i n  $ c a s e ,  we o b t a i n  
from E q s .  (4 .35a)   and   (4 .35b)  w h E : ~ . u ~  and u .  a r e   s e t   e q u a l   t o  
z e r o ,  S YS 

YS 

U 2  
yz 1 ” ” 

n 

i 
a?  I u2 

Y f  

- 1 ” ( 4 . 3 8 a , b )  

S u b s t i t u t i n g   E q s .   ( 4 . 3 8 a , b )   i n t o   E q .   ( 4 . 3 4 )   a n d   w r i t i n g  u; f o r  
uGlut, w e  o b t a i n ,  a f t e r  s i m p l i f i c a t i o n ,  

(4 .39 )  

which  i s  v a l i d  only when cry, = 0 and = 0. Not ice  t h a t ,  f o r  
t h i s  c a s e ,  u 2  = E { u f ) u 2  ; hence ,  t h e  q u a n t i t y  u$ i n  Eq .  ( 4 .39 )  i s  
the  t r u e  .var!ance of  t g g  r e s p o n s e   v a r i a t e   y ( t )  . Furthermore,  

2 

4 4  



a c c o r d i n g   t o  Eq. ( 4 . 3 9 ) ,  we h a v e   Q ( 2 ) ( 0 1 u f )  = 0 .  Hence, 
a c c o r d i n g   t o  t h e  approx ima t ion  o f  E q .  ( 4 . 3 6 ) ,  we have N+(O)= 
N+(OlG). It f o l l o w s  t h a t ,  f o r  t h e  c a s e   u n d e r   c o n s i d e r a t i o n ,  
t h e  f i rs t  term i n  t h e  - r igh t -hand  s i d e  o f  E q .  ( 4 .37 )   can  be 
w r i t t e n  as R n [ N + ( y , l u ~ ) / N + ( O l a ~ ) ]   w h i c h  i s ,  e x a c t l y ,  t h e  loga-  
r i t h m  o f  t h e  normalized  exceedance ra te  for a s t a t i o n a r y   G a u s s i a n  
p rocess .   Us ing  Eq. ( 4 . 2 2 )  t o   e v a l u a t e  t h i s  term a n d   w r i t i n g  
Uy f o r  a f U Y  ( r e c a l l  tha t  = 0 ) ,  we h a v e   f o r  t h e  r igh t -hand  

- 

- 

- 
2 2 2  

Z 

( 4 . 4 0 )  

where w e  have  used  Eq.   (4 .39)   and where, a c c o r d i n g   t o  Eq. ( 4 . 3 7 ) ,  
t h e  c o r r e c t i o n  term, which i s  t h e   s e c o n d  term on t h e  r igh t -hand  
s i d e  o f  E q .  ( 4 . 4 0 ) ,   s h o u l d  be a c c u r a t e   t o   w i t h i n   a b o u t   t e n   p e r c e n t  
whenever t h a t  term i s  less  than   abou t  0 . 2 .  

Equa t ion  ( 4 . 4 0 )  i s  t h e  d e s i r e d  r e ; u l t .  If Rn[N+(y)/N+(O)] 
i s  p l o t t e d   o n  t h e  o r d i n a t e   v e r s u s  y 2 / u g  on t h e  a b s c i s s a ,  we see 
t h a t  t h e  f i rs t  term i n  t h e  r igh t -hand  s i d e  o f  Eq. (4 .40 )  i s  a 
s t r a i g h t   l i n e  w i t h  s l o p e   o f   m i n u s   o n e - h a l f   a n d   o r d i n a t e   i n t e r -  
s e c t i o n  a t  ( y 2 / a 2 )  = 0 .  T h i s  f i r s t  t e rm i s  t h e  e x a c t   r e s u l t  f o r  
s t a t i o n a r y   G a u s s f a n   p r o c e s s e s  y ( t ) .  The second term on t h e  
r igh t -hand  s ide  of E q .  ( 4 . 4 0 )  i s  a p a r a b o l a   i n  t h e  q u a n t i t y  
y2/u$.  T h i s  second term i s  z e r o  a t  (y2/u$)  = 0 and a t  (y2/cr$) = 4 
Between these  two v a l u e s ,  t h i s  c o r r e c t i o n  term i s  n e g a t i v e   ( s i n c e  

( * )  i s  n e c e s s a r i l y   p o s i t i v e  or z e r o ) .  For v a l u e s   o f   ( y 2 / a $ )  > 4 ,  VIS; 
t h i s  c o r r e c t i o n  term i s  p o s i t i v e .  ConsequentZy,  f o r  t h r e s h o l d  
ZeveZs  between 0 < I y I  < 2ay ,  E q .  ( 4 . 4 0 )  i n d i c a t e s   t h a t   t h e  f i r s t  
( s t a t i o n a r y   G a u s s i a n )   t e r m   o v e r e s t i m a t e s   t h e   n u m b e r  of t h reshoZd  
c r o s s i n g s ;   w h e r e a s ,  f o r  t h reshoZds  I y  I > 2 u y ,  E q .  ( 4 . 4 0 1  i n d i c a t e s  
t h a t   t h e  f i r s t  ( s t a t i o n a r y   G a u s s i a n )   t e r m   u n d e r e s t i m a t e s   t h e  
number o f   t h r e s h o Z d   c r o s s i n g s  of p r o c e s s e s  y ( t )  w i t h   t i m e - v a r y i n g  
v a r i a n c e .  * 

Equat ion  ( 4 . 4 0 )  p r o v i d e s  a t h e o r e t i c a l   p r e d i c t i o n   o f  t h e  
c o n c a v e   s h a p e   o f   a i r c r a f t - r e s p o n s e   l o g a r i t h m i c   e x c e e d a n c e   p l o t s  
for t h e  tu rbu lence   mode l   desc r ibed  by  Eq. ( 2 . 3 )   f o r  t h e  c a s e  
where w s ( t )  = 0 .  T t e  " s t r e n g t h "   o f  t h e  p a r a b o l i c   c o r r e c t i o n  
( i n  t h e  v a r i a b l e  y /u$)  t o  t h e  s t a t i o n a r y   G a u s s i a n   r e s p o n s e  
r e s u l t ,   g i v e n  b y  t h e  f i r s t  term on t h e  r igh t -hand  s i d e ,  i s  
governed by t h e  c o e f f i c i e n t  

*For y = 0 ,  i t  i s  ev iden t   f rom E q s .  ( 4 . 3 6 )   a n d   ( 4 . 3 9 )   t h a t  t h e  
s t a t i o n a r y   G a u s s i a n  term g i v e s  t h e  c o r r e c t   v a l u e   f o r  N+(O) s i n c e  
~ ( ~ ' ( 0 1 ~ )  i s  z e r o .  
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" - (4.41a) 

which i s  t h e   s q u a r e   o f   t h e  coe of v a r i a t i o n  (e.@;. , Ref. 9) 
of  t h e   t i m e - v a r y i n g   v a r i a n c e  u t h e   t u r b u l e n c e   m o d e l  of  
Eq. (2.3). 

A i  r c r a f t  Response  Probabi 1 i ty  Density  Functions 

It i s  ev iden t   f rom Eq. ( 4 . 1 2 )  t ha t ,  when t h e   a i r c r a f t  
r e s p o n s e  y ( t )  i s  a s t a t i o n a r y   G a u s s i a n   p r o c e s s ,   t h e  mean r a t e  
of  "up   c ross ings ' '  N + ( y )  o f  t h e  l e v e l  y i s  p r o p o r t i o n a l  t o  t h e  
p r o b a b i l i t y   d e n s i t y   f u n c t i o n   ( p d f )   p ( y )  of  y ( t ) .  We sha l l  show 
i n  t h i s  s e c t i o n   t h a t  t h e  p r o p o r t i o n a l i t y   b e t w e e n  N + ( y )  a n d   p ( y )  
i s  no   longer   main ta ined  when t h e  t u r b u l e n c e   e x c i t a t i o n  i s  modeled 
by  Eq. ( 2 . 3 ) .  

F i r s t ,  we s h a l l  d e r i v e  a ser ies  e x p a n s i o n   f o r   t h e  f i r s t  
o r d e r  p d f  p ( y )   o f  t h e  r e s p o n s e   p r o c e s s  { y ( t ) )  u s i n g  a method 
c o m p l e t e l y   a n a l o g o u s   t o  tha t  u s e d   t o   o b t a i n   o u r  ser ies  r e p r e s e n t a -  
t i o n  o f  N + ( y ) .  Denot ing  by p ( y ( a ; )  t h e  c o n d i t i o n a l  pdf of y 
g i v e n  t h a t  a; i s  s p e c i f i e d ,  we have 

We now formal ly   expand p ( y  10;) i n  a T a y l o r ' s  ser ies  i n   t h e  - 
v a r i a b l e  o: about  t h e  e x p a n s i o n   c e n t e r  E{a;) = a;: 

( 4 . 4 2 )  

where w e  have   def ined  
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( 4 . 4 4 )  

( 4 .45 )  

Next, we s u b s t i t u t e  E q .  ( 4 . 4 3 )  i n t o  Eq .  ( 4 . 4 2 )   a n d   i n t e r c h a n g e  
t h e  o r d e r s   o f   i n t e g r a t i o n   a n d   s u m m a t i o n ,   f i n d i n g   t h e r e b y  tha t  

( 4 . 4 6 )  

where we have  used t h e  d e f i n i t i o n   o f  E q .  ( 4 . 2 9 ) .  The m o t i v a t i o n  
f o r   u s i n g  a t  as t h e  e x p a n s i o n   c e n t e r  o f  t h e  T a y l o r ' s  s e r i e s  ex- 
pans ion  o f  E q .  ( 4 . 4 3 )  i s  t h e  same as  t h a t  d e s c r i b e d  ea r l i e r  i n  
t h e  t e x t  bet.ween E q s .  (4 .30)   and  ( 4 . 3 1 ) .  We may wr i te  o u t  t h e  
f i rs t  few terms o f  E q .  ( 4 . 4 6 )  as 

" 

(4 .47 )  

s i n c e  t h e  term i n  E q .  ( 4 . 4 6 )  co r re spond ing  t o  k = 1 i s  i d e n t i c a l l y  
z e r o   b e c a u s e  we have  chosen our T a y l o r ' s  s e r i e s  e x p a n s i o n   c e n t e r  
a t  a; = a:. 

- 

The f i r s t  term i n   t h e   r i g h t - h a n d  s i d e  o f  E q .  ( 4 . 4 7 )  i s  t h e  
Gauss lan   approximat ion  t o  t h e  p d f  of  y ( t )  g iven  by E q .  ( 4 . 4 )  w i t h  

of  2 -  - a f ;  2 h e n c e ,   a c c o r d i n g   t o  E q .  ( 4 . 3 5 a ) ,  w e  have 
- 

( 4 . 4 8 )  

The second term i n  t h e  r igh t -hand  s ide  o f  E q .  ( 4 . 4 7 )  i s  t h e  
" f i r s t - o r d e r "   c o r r e c t i o n  term t o  t h e  Gauss ian   approximat ion  
p rov ided  by t h e  f irst  term. When t h e  c o e f f i c i e n t   o f   v a r i a t i o n  [PA$)/(<) 2 2 s  1 o f  t h e  random v a r i a b l e  a; i s  s u f f i c i e n t l y  small, 

f 
t h i s  f i r s t - o r d e r   c o r r e c t i o n  term w i l l  e x h i b i t  t h e  p r i n c i p a l   d e v i a -  
t i o n  of  p ( y )   f r o m  t h e  G a u s s i a n   a p p r o x i m a t i o n   p ( y l q ) .  
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- 
It i s  shown i n  Appendix C o f  t h i s  r e p o r t  tha t  p ( 2 )   ( y  1.;) 

can  be  e x p r e s s e d ,   e x a c t l y ,  as 

where 

( 4 . 4 9 )  

S u b s t i t u t i o n   o f   E q .   ( 4 . 4 9 )   i n t o  E q .  ( 4 . 4 7 )  y i e l d s  t h e  two-term 
a p p r o x i m a t i o n   t o  p ( y )  : 

D i s c u s s i o n .  It i s  i n  t h e  n a t u r e   o f  t h e  d e r i v a t i o n   o f   E q s .  
(4 .461,  ( 4 . 4 ~ 7 ) ~  a n d   ( 4 . 5 1 )  t h a t ,  when ~ ( 5 )  i s  s u f f i c i e n t l y  small, 
t h e  r igh t -hand  s ide  of  Eq. ( 4 . 5 1 )   s h o u l d   p r o v i d e  a good  approxi- 
m a t i o n   t o   p ( y ) .  It i s  o f   c o n s i d e r a b l e   i n t e r e s t  t h a t ,  u s ing   an  
a p p a r e n t l y   c o m p l e t e l y   d i f f e r e n t   l i n e   o f   r e a s o n i n g  - namely, t h e  
Gram-Charlier ser ies  - e . g . ,  Cramer, Ref. 9 - o n e   o b t a i n s   p r e -  
c i s e l y  t h e  same c o r r e c t i o n   t o  t h e  Gauss ian   approximat ion   g iven  
by Eq.   (4 .51) .  T h i s  e q u i v a l e n c e  is most r ead i ly  s e e n  by a 
compar i son   o f   Eqs .   (4 .50 )   and   (4 .51 )   above  w i t h  Eq. (8-111) on 
p .   272   of   Papoul i s  [ 7 4 ] ,  where we n o t e  t h a t  t h e  q u a n t i t y   w i t h i n  
t h e  b r a c k e t s   i n  Eq. (4 .50)   above  is t h e  Hermite polynomia l   o f  
degree f o u r   i n  t h e  va r i ab le   y / (0210 t ) ’ .  

O f  

Y 
To i l l u s t r a t e  t h e  e q u i v a l e n c e  of Eq. ( 4 . 5 1 )  t o  t h e  G r a m -  

Charlier ser ies  w i t h  t h e  same number  of terms, w e  must  show, by 
compar ing   Eqs .   (4 .50)   and   (4 .51)   above  w i t h  Eq. (8-111) of 
Ref. 1 4 ,  o r  w i t h  Eqs .   (17 .6 .5)   and   (17 .6 .6)   o f  Ref. 9 ,  t h a t  
t h e  c o e f f i c i e n t  of’ e x c e s s  yy  ( 2 )  o f  y - i . e . ,  
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(where p Y ( 4 )  is t h e  f o u r t h   c e n t r a l  moment o f  y )  - i s  r e l a t ed  t o  

o r ,  e q u i v a l e n t l y ,  tha t  

(4 .53)  

( 4 . 5 4 )  

T h e   e q u a l i t y   i n  Eq .  ( 4 . 5 4 )  i s  proved   in   Appendix  D .  

The main   purpose   o f  t h e  above   d i scuss ions   o f   r e sponse   ex -  
ceedance  rates a n d   p r o b a b i l i t y   d e n s i t y   f u n c t i o n s  has b e e n   t o  
i l l u s t r a t e , t h e   i m p o r t a n c e   o f  t h e  pdf  p ( a f )  o f  t h e  l ime-vary ing  
v a r i a n c e  a f ( t ) .  The fundamenta l   impor tance   o f  p ( u f )  i n   a i r c r a f t -  
r e s p o n s e   s t a t i s t i c s  i s  c l e a r l y  i l l u s t r a t e d  by E q s .  ( 4 . 8 )  and 
( 4 . 4 2 ) .   F u r t h e r m o r e ,  i t  is  ev iden t   f rom t h e  s e r i e s  expans ions  
o f  Eqs. (4 .28 )   and   (4 .46 )  t h a t  t he  ( c e n t r a l )  moments p 2 , 
k = 2 , 3 , 4 , . . .   c o n s t i t u t e  t h g  most   important  se t  of  p a r a m e t r i c  
d e s c r i p t o r s   o f  t h e  pdf o f   a f .   M e t h o d s   f o r   c o m p u t i n g   t h e s e  
q u a n t i t i e s   f r o m   t u r b u l e n c e   r e c o r d s  w i l l  be desc r ibed   i n .   Sec .  6 
o f  t h i s  r e p o r t .  

(k) 
O f  

Use o f   c o n d i t i o n a l   p r o b a b i l i t i e s   i n   c o m p u t i n g   a n   e x p r e s s i o n  
f o r   e x c e e d a n c e  ra tes  a n a l o g q u s   t o  Eq.  ( 4 . 8 )  o f  t h i s  r e p o r t ,   b u t  
u s i n g   p ( o f )  r a the r  t h a n   p ( c s r ) ,  has b e e n   u s e d   r e c e n t l y  by S i d w e l l  
r 1 5 1 .  

Comparison o f  E x c e e d a n c e   R a t e s   a n d   P r o b a b i l i t y   D e n s i t y   F u n c t i o n s  

It i s  ev iden t   f rom Eqs. ( 4 . 4 ) ,  ( 4 . 1 2 1 ,  (4 .36 ) ,   and   (4 .51 )  
tha t ,  c o n s i d e r e d  as a f u n c t i o n  o f  t he  r e s p o n s e   v a r i a b l e  y ,  t h e  
G a u s s i a n   a p p r o x i m a t i o n s   t o  t h e  exceedance r a t e  N+(y)  and t h e  pdf 
p ( y )   p r o v i d e d  by t h e  f i rs t  terms i n  t h e  r igh t -hand  s ides  of 
Eqs. (4 .36 )   and   (4 .51 )  a r e  p r o p o r t i o n a l   t o   o n e   a n o t h e r ;  i . e . ,  
e a c h   h a s   t h e   f o r m  C exp[-y2/(2u21a;)] ,  where C i s  a c o n s t a n t .  

Y 
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However, t h i s  same statement '  i,s n o t   t r u e   o f  the  approx ima t ions  
t o  N+(y) and p ( y )  p rov ided  by the  r igh t -hand sides of   Eqs .  
( 4 . 3 6 )   a n d   ( 4 . 5 1 1 ,   r e s p e c t i v e l y .   I n   p a r t i c u l a r ,   f o r  the  c a s e  
where ays = 0 ,  i t  fo l lows   f rom  Eqs .   (4 .36)   and   (4 .39)  tha t  t h e  
z e r o s   o f  t h e  c o r r e c t i o n  term Q ( * ) ( y l G )  o c c u r  a t  ( y 2 / a 2 )  = 0 , 4 ;  
whereas, f rom  Eqs.   (4 .50)   and  (4 .51)  i t  f o l l o w s  tha t  tge z e r o s  
o f  t h e  c o r r e c t i o n  term U ( * ) ( y l a % )   o c c u r  a t  (y2 /a$ )  = ( 3 2 6 )  s 
0.55, 5.45. Thus ,   d i f f e rences   be tween  t h e  shapes o f   obse rved  
e x c e e d a n c e   f u n c t i o n s   N + ( y )   a n d   p r o b a b i l i t y   d e n s i t i e s   p ( y )  are 
a n   i n d i c a t i o n   o f   n o n G a u s s i a n   b e h a v i o r   o f  t h e  t u r b u l e n c e   e x c i t a -  
t i o n   p r o c e s s  w ( t ) .  * 

2 

- 

*On p .  34 of  R e f .  5 ,  Sidwell  has p o i n t e d  o u t  t h a t  N + ( y )  and p ( y )  
w i l l ,  i n   g e n e r a l ,   h a v e   d i f f e r e n t   f u n c t i o n a l   f o r m s .  
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LOCALLY  STATIONARY  RESPONSE  REQUIREMENT  INTERPRETATIONS 
AND  'RELATIONSHIPS  TO  TURBULENCE  MEASUREMENTS 

Interpretation o f  Locally  Stationary  Instantaneous- 
Response-Spectrum  Requirements 

Three r e q u i r e m e n t s   f o r  t h e  v a l i d i t y   o f  t h e  approximation  of  
E q .  ( 3 . 4 0 )   f o r   c o m p u t a t i o n  of  t he  c o n d i t i o n a l   i n s t a n t a n e o u s  
a i r c r a f t   r e s p o n s e   s p e c t r u m  were a r r i v e d  a t  i n  Sec. 3 of  t h i s  
r e p o r t .  These r e q u i r e m e n t s  are  g i v e n  by Eqs. (3 .411 ,   (3 .43 ) ,  
a n d   ( 3 . 4 6 ) .  

The f i rs t  r e q u i r e m e n t ,   g i v e n  b y  Eq. (3 .411,  has 'a l ready  been 
d i s c u s s e d   i n  Ref. 6 i n  terms of  a s p a t i a l   v a r i a b l e  x = V t ,  where 
V i s  t h e  a i r c r a f t   s p e e d .  [See Eq. ( 4 . 8 2 )  of R e f .  5 .3  When the 
s p e c t r u m   o f   z ( t )  of t h e  model  of E q .  ( 2 . 3 )  i s  t h e  von Karman 
t r a n s v e r s e   s p e c t r u m  w i t h  i n t e g r a l   s c a l e  Lz, t he  c o n d i t i o n   o f  
E q .  ( 3 . 4 1 )  can  b e  w r i t t e n  as 

where w e  n o t e   t h a t   % n o 2  = 2Rna. The c o n d i t i o n   o f  Eq. ( 5 . 1 )  means 
t h a t  t h e  s e c o n d   d e r i v a t i v e   o f   R n a f ( t ) ,   m e a s u r e d  on t h e  time s c a l e  
t '  3 L,/V, must be less t h a n  o r  e q u a l  t o  0 .08 .  T h i s   r e q u i r e m e n t  
m e a n s ,   r o u   h l y ,   t h a t   t h e   r e Z a t i v e   c h a n g e s  in t h e   t i m e - v a r y i n g  
var iance  a ( t )  of t he   " fa s t   t u rbuZence   componen t"  w f ( t )  in E q .  
( 2 . 3 )  must  occur  slowZy  when  measured on t h e   t i m e   s c a Z e  t '  = L,/V 
d e f i n e d  b y  t h e   a i r c r a f t   s p e e d  V and t h e   i n t e g r a l   s c a l e  Lz ( < . e . ,  
nomina 2 c o m e   Z a t i o n   i n t e r v a l )  o f  the  component  2. We re fe r  t h e  
reader  t o  t h e  d i s c u s s i o n   o f  Eq. ( 4 . 8 2 )   i n  Ref. 6 f o r   f u r t h e r  
i n t e r p r e t a t i o n   o f  Eq. ( 5 . 1 ) .  

Q 
f 

Equa t ion  ( 5 . 1 )  i s  independent  of  p r o p e r t i e s   o f  t,he a i r c r a f t  
u n i t - i m p u l s e   r e s p o n s e   f u n c t i o n  h ( t ) ,  w h i l e  t h e  second   and   t h i rd  
r e q u i r e m e n t s  are  dependen t   on   p rope r t i e s   o f  h ( t ) .  The second re- 
qu i r emen t   g iven  by  E q .  ( 3 . 4 3 ) , d e p e n d s   o n  t h e  m a g n i t u d e   o f   t h e   r a t i o  
m ( ' ) ( f  ) / m L ' ) ( f ) . ,  where these  two q u a n t i t i e s  are  d e f i n e d  by Eq. 
( 3 . 3 6 ) .  The q u a n t i t i e s  m L k ) ( f ) ,  k = 0,1,2,... were d e f i n e d  
e a r l i e r  i n  Ref. 1 6  b y  t h e  a u t h o r   o f  t h i s  r e p o r t  for u s e   i n  
a n o t h e r   c o n t e x t .  It i s  shown  on p .  282 of Ref. 16 t h a t  t h e  
q u a n t i t y  m ~ l ) ( f ) / m ~ O ) ( f )  Is t h e  group  deZay r h ( f )  o f   t h e   a i r c r a f t  
un i t - impu l se   r e sponse  h ( t ) ;  i . e . ,  

h 
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If we express the  Fourier transform, Eq. (3.31) of h(t) in terms 
of its magnitude  and  phase 

then ~ ~ ( f )  can  be  expressed in terms of the  phase by 

The group  delay  Th(f) of h(t) can be interpreted  physically  as 
an energy-spectrum-weighted frequency-decomposition of the  time 
centroid  of h2(t);  i.e., 

th2 (t)dt 

See Eq.  (165) of Ref. 16 and  the  accompanying  discussion. 

Substituting Eq. (5.2) into Eq. (3.431, the second  of  our 
locally  stationary response spectrum conditions  becomes 

where we have  ignored the ratio @,(f)/@,(f) in Eq. (3.43). The 
r e q u i r e m e n t  of Eq. ( 5 . 6 )  m e a n s ,   r o u g h l g ,   t h a t   t h e   r e Z a t i v e  
c h a n g e s   i n   t h e   t i m e - v a r y i n g   v a r i a n c e   a f ( t l  of t h e   " f a s t   t u r b u -  
l e n c e   c o m p o n e n t "   w f ( t l   i n   E q .  (2.3) must be smaZZ i n   c o m p a r i s o n  
w i t h   u n i t y  w h e n   m e a s u r e d   o v e r   t i m e   i n t e r v a l s   o f   t h e   o r d e r  of 
t h e   g r o u p   d e l a y  T h ( f )  of h ( t ) .  

For unit-impulse response functions h(t) that  are  even 
functions of time - i.e.,  h(-t) = h(t) - it can  be shown  from 
Eq. (5.4) that 'rh(f) f 0. [Recall the c h o l c e  of our  time  origin 
of h(t) as  defined by  Eqs. ( 3 . 2 3 j  and ( 3 . 2 4 1 . 1  For such 



impulse- response  f u n c t i o n s ,  Eq. ( 5 . 6 )  i s  always sa t i s f ied ;  
hence ,  t he  t h i r d  c o n d i t i o n   g i v e n  by E q .  (3 .46 )  i s  r e q u i r e d .  
T h i s  t h i r d  cond i t ion   depends   on  t h e  r a t i o  m ~ 2 ) ( f ) / m ~ o ) ( f ) ,  
which i s  an energy-spectrum-weighted f requency-decomposi t ion 
o f  t h e  second moment o f  h 2 ( t )  n o r m a l i z e d   t o   u n i t  area. S i n c e ,  
by o u r   c h o i c e   o f  t h e  time o r i g i n  of h ( t ) ,  t h e  t ime c e n t r o i d  of  
h 2 ( t )  i s  z e r o ,  i t  f o l l o w s   t h a t  m k 2 ) ( f ) / m L 0 ) ( f )  i s  a f requency  
decompos i t ion   o f   t he   s econd  c e n t r a 2  moment o f  h 2 ( t )  (normal ized  
t o   u n i t  area).  See  p .   286  of  R e f .  16 .  It i s  shown  on  pp.  283 
and  284  of Ref.  1 6  t h a t  t h e  q u a n t i t y  m A 2 ) ( f ) / m A o ) ( f )  can  be 

e x p r e s s e d   i n  terms o f  t h e  magnitude  and  phase of H ( f )  by 

Because m ( * ) ( f ) / m A 0 ) ( f )  i s  an  energy-spectrum-weighted f requency-  
decomposi t ion  of t h e  s e c o n d   c e n t r a l  moment o f  h 2 ( t )  [ w i t h  h 2 ( t )  
normal ized  to u n i t  area],  t h e   r e q u i r e m e n t  of Eq. ( 3 . 4 6 )  means, 
r q u g h l y   t h a t   t h e   r e Z a t i v e   c h a n g e s   i n   t h e   t i m e - v a r y i n g   v a r i a n c e  
a f ( t )  of t h e   " f a s t   t u r b u l e n c e   c o m p o n e n t "  w f ( t )  i n  E q .  ( 2 . 3 )  must  
o c c u r   s l o w l y  when   measured   over   t ime   i n t e rva l s   comparab le   t o   t he  
n o m i n a l   d u r a t i o n   o f  h 2  f t ) .  Since  t h e  nomina l   du ra t ion   o f  h 2 ( t )  
governs  t h e  " c o r r e l a t i o n   i n t e r v a l "   o f  t h e  r e s p o n s e   p r o c e s s ,  when 
t h e  r e q u i r e m e n t s  of E q s .  ( 3 . 4 1 1 ,  i 3 .431 ,   and   (3 .46 )  a re  sat is-  
f i e d ,  t h e  f r a c t i o n a l   c h a n g e s   i n  af(t) shou ld  be  small o v e r   i n -  
t e r v a l s   c o m p a r a b l e   t o  t h e  " c o r r e l a t i o n   i n t e r v a l "  of t h e  r e sponse  
p r o c e s s  I y ( t ) l .  

h 

Locally  Stationary  Requirements  Expressed  in Terms 
o f  Mean-Square  Response 

The l e f t - h a n d  s ide o f   e a c h  of  o u r   l o c a l l y   s t a t i o n a r y  re- 
q u i r e m e n t s   o f  E s .  (3.41), (3 .431 ,   and   (3 .46)   depends   on ly  on t he  
b e h a v i o r  o f  t n o ? ( t ) .   F u r t h e r m o r e ,  when l i k e  terms are c a n c e l l e d  
i n  t h e  r igh t -hand  s ides  of these same e q u a t i o n s ,  i t  i s  e v i d e n t  
tha t  t h e   r i g h t - h a n d  s ide  of Eq. (3 .41)   depends  only  on t h e  
spec t rum of t h e  t u r b u l e n c e  component z ( t ) ,   w h e r e a s  t h e  r i g h t -  
hand s i d e s  of. Eqs. (3 .43 )   and   (3 .46 )   depend   on ly   on   p rope r t i e s  

mh ( " ( f ) ,  rnil)(f), and mi2)(f) of t h e  a i r c r a f t   i m p u l s e - r e s p o n s e  
f u n c t i o n  h ( t ) .  
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By i n t e g r a t i n g  t h e  seri'es expans ion   o f  Eq. (3 .38 )   ove r  
-00 < f < a, w e  o b t a i n   a n   e x p r e s s i o n   f o r  t h e  c o n d i t i o n a l  mean- 
s q u a r e   a i r c r a f t   r e s p o n s e   E { y 2 ( t ) l a f } .  It i s  immedia te ly   ev i -  
d e n t   t h a t ,  a f t e r  t h i s   i n t e g r a t i o n  i s  c a r r i e d   o u t ,  the  three  
l o c a l l y   s t a t i o n a r y   r e q u i r e m e n t s   o f   E q s .   ( 3 . 4 1 1 ,   ( 3 . 4 3 ) ,   a n d  
( 3 . 4 6 )   a r e   r e p l a c e d   b y  

I d 2  I d t 2  

I 

and 

The r i g h t - h a n d   s i d e   o f   e a c h   o f   t h e   a b o v e   t h r e e   c o n d i t i o n s  now 
depends  both  on the  spec t rum Q z ( f )  o f  t h e  turbulence  component  
z ( t )   and   on   one  o r  more o f  t h e  q u a n t i t i e s  m i o ) ( f )  = IH(f)I2, 
d l ) ( f ) ,  and d2)(f) t h a t  a re   de t e rmined   f rom  the   ( complex )  
a i r c r a f t   f r e q u e n c y - r e s p o n s e   f u n c t i o n   H ( f ) .  However, t h e   r i g h t -  
hand sides o f  Eqs. ( 5 . 8 ) ,  ( 5 . 9 1 ,  and ( 5 . 1 0 )  have t h e  advantage 
t h a t ,   f o r  a given  turbulence  component  z ( t )  a n d   a i r c r a f t ,   e a c h  
i s  d e f i n e d  by a s i n g l e  number on ly .   These   cond i t ions  are some- 
what less r e s t r i c t i v e   t h a n   t h o s e   d e f i n e d  by  E q s .  (3 .411,   (3 .431,  
and   (3 .46 ) .  
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Expression o f  Requirements  in Terms o f  Autocorrelation 
Function o f  Ena;(t) 

The l e f t - h a n d  s ide o f  t h e  t h ree  r equ i r emen t s   o f   Eqs .   (3 .41 ) ,  
( 3 . 4 3 ) ,   a n d   ( 3 . 4 6 )  o r  E q s .  (2.81, ( 5 . 9 1 ,  and ( 5 . 1 0 )  are  e x p r e s s e d  
i n  terms of  t h e  f u n c t i o n   R n a f ( t ) ,   w h i c h ,   u n t i l  now, has been 
c o n s i d e r e d   t o  be  known o r   s p e c i f i e d .  However, i n   t h e   t u r b u l e n c e  
model   of  Eq.  ( 2 . 3 ) ,  a f ( t )  i s  assumed t o  be a sample   func t ion  
drawn  from a s t a t i o n a r y   s t o c h a s t i c   p r o c e s s .  We s h a l l  now ex- 
press  t h e  l e f t - h a n d  s ide  o f  t h e  above three l o c a l l y   s t a t i o q a r y  
c o n d i t i o n s   i n  terms o f  t h e  a u t o c o r r e l a t i o n   f u n c t i o n  o f  R n a f ( t ) .  

Fo r  b r e v i t y   o f   n o t a t i o n ,  l e t  u s  d e f i n e  

v ( t )  = RnoF( t )  . A (5 .11 )  

Denote t h e  a u t o c o r r e l a t i o n   f u n c t i o n   o f   v ( t )  = Rna$( t )  by  R v ( - c ) ;  
i . e . ,  

Then ,   denot ing  by  a prime t h e  d e r i v a t i v e   o f  a f u n c t i o n  w i t h  
r e s p e c t   t o  i t s  argument ,  w e  have 

s i n c e   { v ( t ) )  i s  a s t a t i o n a r y   p r o c e s s .  A s e c o n d   d i f f e r e n t i a t i o n  
y i e l d s  

Hence, 

i . e . ,  t h e  mean s q u a r e   v a l u e  of  v ' ( t )  i s  e q u a l  t o  -RG(O). F u r t h e r -  
mofie, r e p l a c i n g   v ( t )  b y  v ' ( t )   i n  E q .  ( 5 .12 )  y i e l d s ,  u s i n g  t h e  
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r e s u l t   o f  Eq. (5 .151,  

where t h e  s u p e r s c r i p t   o n  the  l e f t - h a n d  s ide  r e p r e s e n t s   t h e   f o u r t h  
d e r i v a t i v e .  The r e su l t s   o f   Eqs .   (5 .15 )   and   (5 .16 )  are  o f   c o u r s e ,  
w e l l  known - e . g . ,   p .  2 1  o f  Ref. 1 7 .   S i n c e   v ( t )  = anag(2 )  i s  a 
s t a t i o n a r y   p r o c e s s ,   v f ( t )   a n d   v " ( t )  a re  s t a t i o n a r y   p r o c e s s e s   w i t h  
z e r o  mean v a l u e s .   H e n c e ,   t h e   s t a n d a r d   d e v i a t i o n   o f   v f ( t )  i s  
[-Rt;(O)]', a n d   t h e   s t a n d a r d   d e v i a t i o n   o f   v " ( t )  i s  [ R $ ' ) ( O ) ]  5 . 

Suppose now, by  o u r  <<  s i g n s   i n   E q s .   ( 5 . 8 1 ,   ( 5 . 9 ) ,   a n d   ( 5 . 1 0 ) ,  
w e  mean t h a t  t h e  f i rs t  n e g l e c t e d  terms i n  Eqs.   (3 .38)   should 
be a f a c t o r   o f   a b o u t   t h r e e   l e s s   t h a n  the terms t h e y  are b e i n g  
compared w i t h  when t h e  stochastic l e f t - h a n d  sides o f   t h e  three 
c o n d i t i o n s   o f   E q s .   ( 5 . 8 ) ,   ( 5 . 9 ) ,   a n d   ( 5 . 1 0 )  a re  s t a t i s t i c a l l y  
r a t h e r   l a r g e ,   s a y  a t  a " l e v e l "   o f  th ree  times t h e i r  s t a n d a r d  
d e v i a t i o n s .  These t w o   f a c t o r s   o f  three g i v e   u s  a composi te  
f a c t o r   o f  t h ree  times th ree ,  which we sha l l  r o u n d   o f f   t o   t e n .  
Consequent ly ,  t h e  s i g n s  << i n  E q s .  ( 5 . 8 )   t o  ( 5 . 1 0 )  r e q u i r e  a 
f a c t o r  o f  a b o u t   t e n  for t h e i r   v a l i d i t y ,  when t h e  l e f t - h a n d  sides 
a r e   r e p l a c e d  by t h e i r  s t a n d a r d   d e v i a t i o n s .  For e n g i n e e r i n g  
a p p l i c a t i o n s ,   c h o i c e   o f  a f a c t o r   o f   t e n  as t h i s  minimum v a l u e  
f o r  << i s  a b o u t   r i g h t  - i . e . ,   n o t   o v e r l y   c o n s e r v a t i v e .   H e n c e ,  
u s ing   Eqs .   (5 .16 )   and   (5 .15 ) ,  we may e x p r e s s   t h e   r e q u i r e m e n t s  
o f   E q s .   ( 5 . 8 )   a n d   ( 5 . 9 )  as 

and 

With t h e   c o n d i t i o n  of Eq. ( 5 . 1 0 ) ,  t h e  s i t u a t i o n  i s  some- 
what  more  complicated. The expec ted   va lue   o f  t h e  l e f t - h a n d  s ide 
( w i t h o u t   a b s o l u t e   v a l u e   s i g n s )  i s  n o t   z e r o   i n  t h i s  c a s e .  
Fur thermore ,  we r e q u i r e   t h e   s t a n d a r d   d e v i a t i o n   o f   t h e  sum of t h e  
t w o   q u a n t i t i e s   o n  t h e  l e f t - h a n d   s i d e ,   a n d   t h e s e   t w o   q u a n t i t i e s  
are n o t   s t a t i s t i c a l l y   i n d e p e n d e n t .  



I 

To p r o v i d e   a n   e x p r e s s i o n   f o r  t h e  s t a n d a r d   d e v i a t i o n  of 
t h e  l e f t - h a n d  s ide of Eq. (5 .10 )  t ha t  i s  o f   p r a c t i c a l   u s e ,  i t  
i s  n e c e s s a r y   t o   a s s u m e  t h a t  v t ( t )  = d(Rna2) /d t  i s  a Gaussian 
process .   This   assumption  would  not   norma f l y  be j u s t i f i e d ;  
however ,   for  t h e  k i n d s   o f   i n e q u a l i t i e s   r e q u i r e d  here, t h e  
a s s u m p t i o n   s h o u l d   n o t   c a u s e   a p p r e c i a b l e   e r r o r .  When t h i s  
G a u s s i a n   a s s u m p t i o n   f o r   v l ( t )  i s  made, i t  i s  shown i n  Appendix 
E o f  t h i s   r e p o r t  t h a t  t h e   r e q u i r e d   v a r i a n c e   f o r  t h e  l e f t - h a n d  
side o f  Eq. (5 .10)  i s  

Fur thermore ,  t h e  mean v a l u e   o f  t h e  l e f t - h a n d  s ide o f  Eq. (5.10) 
( w i t h  a b s o l u t e   v a l u e   s i g n s   r e m o v e d )  i s  

accord ing   t o   Eqs .   (5 .11 )   and   (5 .15 ) .   Hence ,   u s ing  the  three  
times t h e  s t a n d a r d   d e v i a t i o n   c r i t e r i o n   d i s c u s s e d  ea r l i e r ,  and 
r e c o g n i z i n g  t h a t  t h i s  must  be  added t o   t h e  mean v a l u e ,  we s h a l l  
w a n t   ' f o r   t h e   l e f t - h a n d  s ide o f  E q .  ( 5 . 1 0 )  

which i s  l/3 times (mean p l u s  t h r e e   t i m e s   s t a n d a r d   d e v i a t i o n )  
and  where we h a v e   r e c o g n i z e d   t h e   f a c t  t h a t  R:(O) i s  n e g a t i v e .  
U s i n g   t h e   " t h r e e   t i m e s   t h r e e   e q u a l s   t e n "   r u l e   d i s c u s s e d   e a r l i e r ,  
t h e  r equ i r emen t   o f  E q .  ( 5 . 1 0 )  can now b e  expres sed  as 

I -03 I 

which i s  o u r  t h i r d  r equ i r emen t .  Equat ions  f 5 . 2 7 ) ,  (5.28), and 
( 5 . 2 2 )  a r e   t h e   c o n d i t i o n s   r e q u i r e d  f o r  c o n f i d e n t   e n g i n e e r i n g   u s e  
of  t h e  ZocaZZy s t a t i o n a r y   a p p r o x i m a t i o n  of Eq. ( 3 . 4 0 )  t o  compute 
t h e  mean s q u a r e   a i r c r a f t   r e s p o n s e   a s  was done, for example,  i n  
Eqs. ( 4 .  I!?), ( 4 . 1 7 1 ,  and (4.18). 
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Method f o r  E v a 1   u a t i o n  o f  A u t o c o r r e l . a t i o n  
F u n c t i o n  o f  Qno;(t) . 

The  le f t -hand  s ides  of   Eqs.   (5 .171,  (5 .18) ,  and  (5 .22)  
d e p e n d   o n l y   o n   t h e   s e c o n d   a n d   f o u r t h   d e r i v a t i v e s   o f  the  au to -  
c o r r e l a t i o n   f u n c t i o n   R V ( . r )   o f   v ( t )  = R n a f ( t )   e v a l u a t e d  a t  T = 0. 
Hence, t o   d e t e r m i n e  i f  these t h r e e   c o n d i t i o n s  are sat isf ied,  
w e  m u s t   e v a l u a t e   t h e   a u t o c o r r e l a t i o n   f u n c t i o n  R,(T)  from  measured 
t u r b u l e n c e   r e c o r d s .   T h i s   p r o b l e m  will be  t r e a t e d  now. 

Let u s  r e t u r n   t o   t h e   t u r b u l e n c e  model  of Eq. ( 2 . 3 ) .  Con- 
s ide r  a h i g h - p a s s   f i l t e r e d   v e r s i o n  w h ( t )  o f   w ( t ) ,   w h e r e  t he  
f i l t e r  c u t o f f   f r e q u e n c y  i s  s u f f i c i e n t l y   h i g h   t o   r e m o v e ,   f o r  
p r a c t i c a l   p u r p o s e s ,   t h e   " s l o w   p r o c e s s "  w s ( t ) .  Hence, w e  may 
write t h i s  h i g h - p a s s   f i l t e r e d   v e r s i o n  o f  w ( t )  as' 

where z ( t )  i s  a h i g h - p a s s   f i l t e r e d   v e r s i o n p o f  t h e  component z ( t )  
i n  Eq.  ? 2.3)   assumed  normalized so  t h a t  E{Zh) = 1, A i s  t h e  con- 
s t a n t   r e q u i r e d   f o r  t h i s  normal iza t ion ,   and   where  it has been 
assumed i n   w r i t i n g  Eq. ( 5 . 2 3 )  t h a t  f l u c t u a t i o n s   i n  a f ( t )  occur  
s l o w l y   i n   c o m p a r i s o n  w i t h  f l u c t u a t i o n s   i n   z ( t ) .  It i s  presumed 
t h a t   w h ( t )  would be genera ted   f rom a t u r b u l e n c e   r e c o r d i n g  by  
d i g i t a l   f i l t e r i n g .   T h u s ,  w e  s h a l l  assume t h a t   t h e   r e c o r d   W h ( t )  
i s  a v a i l a b l e .  

L e t  us  now squa re  Eq. ( 5 . 2 3 )  and  then take i t s  n a t u r a l  
l o g a r i t h m .   T h e s e   o p e r a t i o n s   y i e l d  

By a s sumpt ion   i n   ou r   t u rbu lence   mode l   o f  Eq. ( 2 . 3 ) ,  {q-(t)) and 
( z ( t ) l   a r e   i n d e p e n d e n t   p r o c e s s e s ;   t h e r e f o r e ,   t h e  same i s  t r u e   o f  
( Q n   a f ( t ) )   a n d  {Rn z f , ( t ) l .  Hence, we may immediately write t h e  
covar iance   o f   Eq .  (5.24), t aken  a t  o b s e r v a t i o n   t i m e s  t and t + T ,  
as 



r 

where w e  have  used t h e  f a c t  t h a t  t h e  cova r i ance   o f  t h e  sum o f  
t w o   i n d e p e n d e n t   v a r i a b l e s  i s  e q u a l   t o  t h e  sum of  t h e  c o v a r i a n c e s  
and where w e  n o t e  that  the  dependence  on t h e  c o n s t a n t  A has 
d i s a p p e a r e d .   A c c o r d i n g   t o  t h e  material c o n t a i n e d   i n  t h e  p re -  
v i o u s   s e c t i q n ,   o u r   i n t e r e s t  i s  i n  t h e  a u t o c o r r e l a t i o n   f u n c t i o n  
v ( t )  = En a f ( t ) ,  which i s  re la ted  t o  t h e  c o v a r i a n c e   f u n c t i o n   o f  
v ( t )  = En u % ( t )  by  

Hence, w e  wish t o   s o l v e  Eq. (5 .25 )  f o r  cov[En   a+( t ) ,En  a F ( t + T > ] ;  
i . e . ,  

The f irst  term on t h e  r igh t -hand  s i d e  o f  E q .  ( 5 .27 )   can  b e  
numer i ca l ly   computed   d i r ec t ly   f rom t h e  h igh-pass  f i l t e r e d  v e r s i o n  
w h ( t )  o f  t h e  o r i g i n a l   s a m p l e  w ( t ) .  T h u s ,   i n   o r d e r   t o   c o m p u t e  
R v ( ' r ) ,  v = Rn u f ,  w e  n e e d   a n   e x p r e s s i o n   f o r  t h e  second term on 
t h e  r igh t -hand  s ide  o f  Eq. ( 5 . 2 7 ) .  To o b t a i n  t h i s  e x p r e s s i o n ,  
w e  f i r s t  r e c a l l  t h a t ,  by assumpt ion ,  z ( t )  i s  a s t a t i o n a r y  
G a u s s i a n   p r o c e s s ;   t h e r e f o r e ,   z h ( t )   a l s o  i s  a s t a t i o n a r y   G a u s s i a n  
p r o c e s s .   I n   S e c .  6 of  t h i s  r e p o r t ,  w e  s h a l l  d e s c r i b e  a method 
fo r   comput ing  t h e  power s p e c t r a l   d e n s i t y   o f  z ( t )  from t h e  mea- 
s u r e d   t u r b u l e n c e  samples w ( t ) .  L e t  u s   d e n o t e  t h i s  power s p e c t r a l  
d e n s i t y  by  Q z ( f ) ,  and  denote  b y   H h ( f )  t h e  h igh-pass  f i l t e r  
complex  f requency-response  funct ion.   Then,  when t h e   g a i n  of  
t h i s  f i l t e r  i s  a p p r o p r i a t e l y   a d j u s t e d *  so  t h a t  E ( z 6 )  = 1, t h e  
powe,r s p e c t r a l   d e n s i t y   O z h ( f )   o f  z h ( t )  can be computed from 
O Z ( f )  b y  

Hence,  from a measu red   t u rbu lence   r eco rd  w ( t ) ,  we s h a l l  have a t  
o u r   d i s p o s a l  the  means t o  compute t h e  power s p e c t r a l   d e n s i t y  
Q z h ( f )  o f  t h e  component z h ( t ) .   T h e r e f o r e ,  b y  u s i n g  E q s .  ( 5 .261 ,  

*It w i l l  become e v i d e n t  l a t e r  t h a t  t h i s  assumption  need  not  b e  
sa t i s f ied  i n   p r a c t i c e .  
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(5 .27) ,   and  (5 .28) ,  we shall  have a t  o u r   d i s p o s a l  t he  means t o  
compute R v ( T )  i f  we c a n   o b t a i n  cov.[Rn z f i ( t ) ,  Rn zh(t+-t)]   from 
t h e  p o w e r   s p e c t r a l   d e n s i t y   0 z h ( f )   - o f   z h ( t ) .  

L e t  u s   d e f i n e  

Then, t h e  c o v a r i a n c e   o f  u ( t ) ,  u ( t + T )  i s  related t o  the au tocor -  
r e l a t i o n   f u n c t i o n   R U ( . r )   b y  

Thus, i f  w e  can  compute t h e  a u t o c o r r e l a t i o n   f u n c t i o n  R,(T)  of 
t he  f u n c t i o n   u ( t )  = Rn zf , ( t ) ,  we have a t  o u r   d i s p o s a l  t he  means 
t o  compute R , ( T ) .  

The   p roblem,   therefore ,  i s  t o  compute tQe  a u t o c o r r e l a t i o n  
f u n c t i o n  R,(T)  o f  t h e  n a t u r a l   l o g a r i t h m   o f   z h ( t ) ,   g i v e n  t h a t  we 
know t h e  power spec t rum Q z h ( f )  o f   { Z h ( t ) ) a n d   u n d e r  t h e  assumpt ion  
tha t  { z h ( t ) }  i s  a s t a t i o n a r y   G a u s s i a n   p r o c e s s  w i t h  z e r o  mean and 
u n i t   v a r i a n c e .  T h i s  problem i s  s o l v e d   i n   A p p e n d i x  F, where i t  
i s  de termined  t h a t  

where C i s  E u l e r ' s   c o n s t a n t  - i . e . ,  

- and  where p ( T )  i s  t h e  c o r r e l a t i o n   c o e f f i c i e n t *  of  t h e  p r o c e s s  
z h ( t ) ;   i . e . ,  

'h 

R, (d 
h (5 .33 )  

%The f o r m u l a t i o n   o f  E q .  ( 5 . 3 3 )   n e g a t e s  t he  requi rement  t ha t  t h e  
high-pass f i l t e r  g a i n  be a d j u s t e d  so t h a t  E{zi}  = 1. 
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From E q s .  (5.31) and (5.331,. it immediately fo l lows  that 

cov[Rn  zi(t),  Rn z2(t+.r)l h = 2 arcsin2[Rz ('r)/RZ (013. (5.34) 
h h 

Finally, we  note  that RZh(-r)  may be  computed  from Qzh(f)  by 

.OD 

according to Eq.  (5.28). Equa t ions  ( 5 . 2 6 1 ,  (5 .27 ) ,  ( 5 . 3 4 ) ,  and 
( 5 . 3 5 )  coZ Z e c t i v e Z y   p r o v i d e   t h e   m e a n s   t o   c o m p u t e   t h e   a u t o c o r -  
r e l a t i o n   f u n c t i o n   R v ( - c )  of v ( t )  . =  Rn a j l t l  f r o m   t h e   h i g h - p a s s  
f i Z t e r e d   v e r s i o n   w h ( t )  of t h e   t u r b u Z e n c e   r e c o r d  w ( t )  and t h e  
p o w e r   s p e c t r a 2   d e n s i t y  Q , ( f )  of  t h e   t u r b u Z e n c e   c o m p o n e n t   z ( t ) :  

where Rzh('r) is  to be computed  from az(f) and  the  high-pass 
filter frequency-response  function by E q .  (5.35). Notice that, 
in compyting the derivatives R$(-r) and Rh4)('r), the  constant  term 
{E[Rn ~f(t)])~ in Eq. (5.36) becomes  irrelevant.  Furthermore, 
insofar as computation of the derivatives.of RV('r) is concerned, 
we  may  replace cov[Rn  wg(t),  Rn  wfi(t+T)].by the  autocorrelation 
function of Rn  wi(t) for this  same  reason.  The  computation of 
cov[Rn  wi(t),  Rn  wg(t+-r)] is  to  be  carried  out  directly  from 
the high-pass  filtered  version of  the turbulence  record w(t). 
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M E T H O D S   F O R   C O M P U T A T I O N   O F   T U R B U L E N C E   M E T R I C S   F O R  
PREDICTION O F  A I ~ C R A F T  R E S P O N S E  STATISTICS 

I n   a d d i t i o n   t o   t h e   t u r b u l e n c e   m e t r i c s  R z h ( T )  and CovCRn w$( t ) ,  
Rn w f , ( t + ~ ) ]  u s e d   t o   c o m p u t e   t h e   s e c o n d   a n d   f o u r t h , d e r i v a t l v e s  of  
the a u t o c o r r e l a t i o n   f u n c t i o n  R v ( ' r )  o f   v ( t )  = Rn u f ( t  1, which are 
r e q u i r e d   f o r   v e r i f i c a t i o n  of t h e  l o c a l l y   s t a t i o n a r y   a i r c r a f t  
r e sponse   a s sumpt ions ,  t h e  material d e s c r i b e d   i n   S e c .  4 o f   t h i s  
r e p o r t   d e l i n e a t e s   s e v e r a l   o t h e r   t u r b u l e n c e   m e t r i c s   n e c e s s a r y  t o  
p r e d i c t   t h e   r e s p o n s e   e x c e e d a n c e  ra tes  a n d   p r o b a b i l i t y   d e n s i t y  
f u n c t i o n s   o f   a n  a r b i t r a r y  a i r c r a f t   r e s p o n s e   v a r i a b l e .  

To p r e d i c t   t h e  mean r a t e  N + ( y )  o f   e x c e e d a n c e   c r o s s i n g s  w i t h  
p o s i t i v e   s l o p e   o f  t h e  a i r c r a f t  r e s  o n s e   p a s t  t h e  " l e v e l "  y ,  one 
must  compute t h e  pa rame te r s  u 2  , (J! , a 2  , a? ; t h e r e f o r e ,  as 
i s  ev ident   f rom  Eqs .   (4 .8)   and  ( 4 . 2 2 ) ,  one   mus t   have   ava i lab le  
t h e  p o w e r   s p e c t r a  Q z ( f )  and QWs( f )  o f  t h e  turbulence  components  
Z ( t )  and w s ( t )  i n  t h e  model   of  Eq. ( 2 . 3 ) .  See Eqs .   (4 .17 ) ,  
( 4 . 1 8 ) ,  ( 4 . 2 0 ) ,  and ( 4 . 2 1 ) .  These same two s p e c t r a  are  a l s o  
r e q u i r e d  t o  p r e d i c t   t h e   a i r c r a f t   r e s p o n s e   p r o b a b i l i t y   d e n s i t y  
f u n c t i o n   p ( y ) .   F u r t h e r m o r e ,   c o m p u t a t i o n   o f  N + ( y ) ,  u s i n g  Eq. 
( 4 . 8 )  or p ( y 2   u s i n g  Eq. ( 4 . 4 2 ) ,  r e q u i r e s  t h e  y r o b a b i l i t y   d e n s i t y  
f u n c t i o n   p ( u f )   o f  t h e  t ime-va ry ing   va r i ance  (J ( t )  i n  Eq. ( 2 . 3 ) .  
On t h e  o the r   hand ,   u s ing   Eqs .   (4 .28 )   and  ( 4 . 4  ) t o  compute N + ( y )  
a n d   p ( y ) ,   r e s p e c t i v e l y ,   r e q u i r e s  the  c e n t r a l  moments u 2 of u: 
d e f i n e d  by Eq. ( 4 . 2 9 ) .  I n   a d d i t i o n ,   i n   d e r i v i n g  o u r  e x p r e s s i o n s  
f o r  N + ( y )  a n d   p ( y ) ,  it was assumed t h a t  t h e  turbulence  component  
w s ( t )  i n  Eq. ( 2 . 3 )  was Gauss ian .  To check t h e  c o n s i s t e n c y   o f  
t h i s   a s s u m p t i o n ,  we r e q u i r e   t h e   p r o b a b i l i t y   d e n s i t y   f u n c t i o n  
p ( w s )   o f  w s ( t ) .  A s imple   check   of  t h e  G a u s s i a n   c h a r a c t e r   o f  
p(ws)   can be  made u s i n g  a Gram-Charlier se r ies  r e p r e s e n t a t i o n  
o f   p ( w s ) ,   w h i c h   r e q u i r e s  t h e  f i r s t  few moments of  w s ( t ) .  F i n a l l y ,  
i t  can be shown t h a t  when t h e  l o c a l l y   s t a t i o n a r y   r e s p o n s e   c o n -  
d i t i o n s   o f   E q s .   ( 3 . 4 3 )   a n d   ( 3 . 4 6 )   o r   E q s .   ( 5 . 1 8 )   a n d  ( 5 . 2 2 )  a re  
n o t  s a t i s f i e d ,  t h e  power s p e c t r a l   d e n s i t y  Q 0 2 ( f )  o f   t h e  
component a t ( t )  i s  r e q u i r e d   t o   p r e d i c t   r e s p o n s e   e x c e e d a n c e  ra tes  
a n d   p r o b a b i l i t y   d e n s i t y   f u n c t i o n s .   I n  summary, t o   p r e d i c t  t he  
a i r c r a f t   r e s p o n s e   s t a t i s t i c s   d e s c r i b e d   a b o v e ,   o n e   r e q u i r e s  
methods   for   computa t ion   of  t h e  power s p e c t r a l   d e n s i t i e s  Q , ( f ) ,  
0 ( f ) ,  and Q 2 ( f )  of  t h e  turbulence  components  z ( t ) ,  w , ( t ) ,  
a n d   o F ( t ) ,   r e s p e c t i v e l y ;   m e t h o d s   a l s o  a r e  r equ i r ed   fo r   computa -  
t i o n   o f  t h e  c e n t r a l  moments  and p r o b a b i l i t y   d e n s i t y   f u n c t i o n s  
l~ 2 and pW , and p(af2) and  p(ws)   of  t h e  turbulence  components  

a $ ( t )  and w s ( t ) .  [The component z ( t )   i n  t h e  model  of Eq. ( 2 . 3 )  
i s ,  by assumpt ion ,   Gauss ian . ]  

y z  Yz Ys y s  

( k )  

f 

W S  af  

( k )  ( k )  
O f  S 
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I n  t h i s  s e c t i o n ,  we d e s c r i b e  methods fo r   computa t ion  of  t h e  
a b o v e   t u r b u l e n c e   m e t r i c s   f r o m   r e c o r d e d   t u r b u l e n c e   v e l o c i t i e s .  

Est imat ion o f  Power Spectra  o f  z ( t )  and w,(t) 

L e t  u s  f i rs t  o b t a i n   a n   e x p r e s s i o n   f o r  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  R,(T)  u s i n g   t h e   m o d e l   o f  Eq. ( 2 . 3 ) .   M u l t i p l y i n g  w ( t )  
by   w( t+ . r )   and   tak ing  t h e  expec ted   va lue   o f  t h e  r e s u l t i n g  ex-  
p r e s s i o n   y i e l d s  

E { w ( t )  w ( t + ' r ) }  = ' E { w s ( t )  w S ( t + T ) )  + E { w s ( t )  a f ( t + ' r )  z ( t + ' r ) )  

+ E{ws(t+-r) a f ( t )  z ( t ) }  + E { u f ( t )  a f ( t + . c )  z ( t )   z ( t + . r ) )  

o r  

w h e r e , i n   g o i n g   t o   t h e   s e c o n d   e q u a l i t y   i n   E q .  ( 6 . 1 ) ,  we have  used 
t h e  assumpt ion  t h a t  w s ( t ) ,  o f ( t ) ,  and z ( t )  a re  s t a t i s t i c a l l y  
. independent   and t h a t  z ( t )  has a n   e x p e c t e d   v a l u e   o f   z e r o .  

To i n t e r p r e t  Eq.  (6.21, l e t  us   examine  Fig.  4 ,  which was 
f i r s t  d i s c u s s e d   i n   S e c .  2 .  F i r s t ,  we n o t e  t h a t  t h e  nominal 
c o r r e l a t i o n   i n t e r v a l   a s s o c i a t e d  w i t h  t h e   p r o c e s s  o f ( t )  i s  much 
l a r g e r  t h a n  t h a t  a s s o c i a t e d  w i t h  z ( t ) .  To see t h i s ,  examine, 
f o r   e x a m p l e ,  t h e  clumps o f  tu rbulence   be tween  approximate ly  
9 min 45 sec   and  1 0  min 45 s e c   i n  F i g .  4 .  During t h i s  i n t e r v a l ,  
t h e  term o f ( t )  i n   o u r   m o d e l   o f  Eq. ( 2 . 3 )  mono ton ica l ly -g rows  
t o  a maximum from a small va lue   and   t hen   decays   mono ton ica l ly  
back t o  a small v a l u e .  The n o m i n a l   c o r r e l a t i o n   i n t e r v a l   a s s o c i a t e d  
w i t h  a f ( t )  i s  o f   t h e  o rde r  o f  1 / 2  min. On t h e  o t h e r   h a n d ,   t h e  
n o m i n a l   c o r r e l a t i o n   i n t e r v a l   o f  t h e  h i g h - f r e q u e n c y   p r o c e s s   z ( t )  
i s  o f .  t h e  o r d e r   o f  1 s e c .   T h u s ,   t h e r e  i s  a n   o r d e r  of magnitude 
o r  more s e p a r a t i n g  t h e  c o r r e l a t i o n   s c a l e s   o f  a f ( t )  a n d   z ( t ) .  
S i n c e   z ( t )  has, by a s sumpt ion ,   ze ro  mean v a l u e ,  t h i s  d i f f e r e n c e  
b e t w e e n   c o r r e l a t i o n   s c a Z e s  means t h a t  R (TI i s  v e r y   n e a r l y  
equa l  t o  R,  ( 0 )  o v e r   t h e   r a n g e  of v a l u e s  of T where R Z ( ~ )  i s  n o t  

f n e g l i g i b l e .  Hence, t o  a f i r s t  and   qu i t e   good   approx ima t ion ,  we 
may r e p l a c e  Eq. ( 6 . 2 )  b y  

,f 



- 

where 02. O f  
R ( 0 )  i s  the. e x p e c t e d   v a l u e   o f . t h e   s t a t i o n a r y   p r o c e s s  

a f ( t ) .  , L e t  u s  now compare t h e  n o m i n a l   c , o r r e l a t i o n   i n t e r v a l s  o f  
t h e  p r o c e s s e s  w s ( t )  and z ( t )  by f u r t h e r . , e x a m i n a t i o n   o f   F i g .  4 .  
It i s  e v i d e n t  t h a t  t h e  c o r r e l a t i o n   i n t e r v a l   a s s o c i a t e d  w i t h  t he  
low-frequency (large-amplitude),process w s ( t )  i s  a t  least  o f  the  
same order   of   magnPtude as t h a t  o f  t h e  proc .ess  crf(t). Consequen t l y ,  
we  may e x p e c t  Rw ( T )  t o  be  very   nearZy   cons tan t   and   equa l  t o  
R w s ( 0 )  over   t he   range  of- v a l u e s  o f  T where ' R z ( ~ )  i s  n o t   n e g l i g i b l e .  

S 

These o b s e r v a t i o n s  are  b o r n e . o u t  by F i g .  5 ,  which i s  the 
a u t o c o r r e l a t i o n   f u n c t i o n   o f  t h e  v e r t i c a l .   r e c o r d  shown i n   F i g .  4 . 1  
Equa t ion   (6 .3 )   and  t h e  a b o v e   d i s c u s s i o n   i n d i c a t e  t h a t  i t , . . shou ld  
be p o s s i b l e   t o   a p p r o x i m a t e  t h e  a u t o c o r r e l a t i o n   f u n c t i o n  shQ!wn 
i n   F i g .  5 by  a l i n e a r   c o m b i n a t i o n   o f  Rw ('I) and Rz(~) and Chat 
t h e r e  shou ld  be an   o rder   -of   magni tude  or more d i f f e r e n c e   b e t w e e n  
t h e  n o m i n a l   c o r r e l a t i o n   i n t e r v a l s   a s s , o c i a t e d  w i t h  these  two 
add i t ive   componen t s .  .Th i s  s i t u a t i o n  i s  p r e c i s e l y  what  F.5g.' 5 
i l l u s t r a t e s .   I n   . . f a c t  , i f :  we conce ive   . o f   r ep resen t ing  RW'& (T,.) f o r  
T - > 0 b y  a M a c l a u r i n   s e r i e s ,  , .  

S 

t h e n  it  i s  ev iden t   f rom  F ig .  5 t h a t  t h e  l i n e a r  approximat ion  
g i v e s  a good r e p r e s e n t a t i o n   o f  R W s ( ~ )  o u t   t o  a l a g   o f   a b o u t  
10,000 f t  (3048 m ) ,  whereas t h e  q u a d r a t i c   a p p r o x i m a t i o n   i n  Eq. 
( 6 . 4 )  would appear t o   g i v e  a good  approximation  over  t h e  e n t i r e  
l a g   i n t e r v a l   s h o w n . i n   F i g .  5 .  F o r   l a g   v a l u e s   i n  t h e  range   of  
1 0 0 0  t o  10,000 f t  (304.8 m t o  3048 m ) ,  t h e  d e v i a t i o n s   f r o m  t h e  
s t r a i g h t   l i n e  shown i n   F i g .  5 may b e  a t t r i b u t e d  t o   s t a t i s t i c a l  

*F igure  5 i s  t h e  a u t o c o r r e l a t i o n   f u n c t i o n   e x p r e s s e d   i n  terms o f  
s p a t i a l  l ag  5 = VT r a the r  t h a n   t e m p o r a l   l a g  T ,  where V i s  the  
speed   o f  t h e  m e a s u r e m e n t   a i r c r a f t .   T h i s   l i n e a r , s c a l e   ' f a c t o r  
on t h e  o r d i n a t e  has no e f f e c t  o n   t h e ' . ' c o n c e p t s   b e i n g ' d i s c u s s e d .  
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I n  t h e  l a g  i n t e r v a l  o f  F i g .  5 from 0 t o  1000 f t  ( 0  t o  304.8 

m) Y 

- 
w e  see u2 R , ( T )  superimposed  on Rws(~), as i s  p r e d i c t e d  by f 

Eq. ( 6 . 3 ) .   E x a m i n a t i o n   o f  Eq. ( 6 . 3 )  a t  T = 0 i n d i c a t e s  t h a t ,  by 
s e t t i n g  R(0) = a 2  f o r   b o t h   p r o c e s s e s  w ~ ( T )  and z(T), we have 

= 0; + U 2  
S Wf 

where we h a v e   w r i t t e n  

u2 = 0; 0; J 

Wf 
( 6 . 6 )  

which i s  c o n s i s t e n t   w i t h  t h e  n o t a t i o n  o f  E q .  ( 2 . 3 ) .  Examining 
t h e   i n t e r s e c t i o n   o f  t h e  s t r a i g h t - l i n e   a p p r o x i m a t i o n  w i t h  t h e  
o r d i n a t e   i n   F i g .  5 ,  we see t h a t  

G s  U 2  Wf 
" - - 0.78  , " - 0.22 ; 
o 2  

W 

( 6 . 7 a Y b )  

i . e . ,  about   78%  of  t h e  c o n t r i b u t i o n   t o  t h e  mem  square   va lue   o f  
w ( t )  i n  t h e  v e r t i c a l   r e c o r d  i s  p rov ided  by t h e  slow (low- 
f requency)   component ,  whereas about  2 2 %  o f  t h e  c o n t r i b u t i o n  i s  
p rov ided  by t h e  fas t  (high-frequency)  component.  These e s t i -  
mates a re  e n t i r e l y   c o n s i s t e n t  w i th  t h e  v i sua l   appea rance   o f  
t h e   v e r t i c a l   r e c o r d   i n   F i g .  4 .  

The above  comments  immediately  suggest a f i r s t  approximat ion  
t o  R z ( ~ ) .  S o l v i n g  E q .  ( 6 . 3 )  f o r  R , ( T ) ,  we o b t a i n  
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where, i n  t h e  s e c o n d   l i n e ,  w e  h a v e   s u b s t i t u t e d  t h e  Maclaur in  
ser ies  a p p r o x i m a t i o n s   t o  R w ' ( ~ )  g iven  by Eq. ( 6 . 4 )   a n d  where 
t h e  c o e f f i c i e n t s   R w s ( 0 ) ,   R A s ( 0 ) ,  .. . may be   ob ta in i%: l   e i t he r  
I'by eye",  as i n  t h e  s t r a i g h t - l i n e   a p p r o x i m a t i o n  af F i g .  5 ,  o r  
by a more s o p h i s t i c a t e d   t e c h n i q u e  - e .g . ,  least  square,s .  

f o r m i n g   t h e   F o u r i e r   t r a n s f o r m   o f  R , ( T ) .  O W s ( f )  may t h e n  ge 
f o u n d   b y   s u b t r a c t i n g  0; @ , ( f )  f rom  the   power   spec t rum  QW(f)  of 
t h e   o r i g i n a l   r e c o r d ,  as t h e  F o u r i e r   t r a n s f o r m   o f  Eq. ( 6 . 3 )  would 
i n d i c a t e :  

S 

Once R , ( T )  i s  s o l v e d ,   u s i n g  Eq. ( 6 . 8 1 ,  w e  may f i n d  CP ( t )  by 
- 

where 0: = Rw(0) - R w s ( 0 ) ,   s i n c e  w e  have R,(O) E 1 by d e f i n i t i o n .  
- 

Two minor   re f inements   o f  t h e  above  procedure w i l l  now be  
d i s c u s s e d .   F i r s t ,  w e  n o t e  t h a t ,  i n  t h e  h igh- f requency   reg ion  
where t h e  CGnt r ibu t ion   o f  Q W s ( f )  t o  @,(f)  i s  n e g l i g i b l e ,   m e a s u r e d  
s p e c t r a  c o n s i s t e n t l y   d i s p l a y  a s l o p e   o f  -5 /3 ,  as p r e d i c t e d  by 
t h e  von Karman s p e c t r a l   f o r m s .  [The s p e c t r a  O W s ( f )  con taminate  
O z ( f )  i n  t he  low-f requency   reg icn . ]  T h i s  o b s e r v a t i o n   s u g g e s t s  
t h a t  we assume t h a t  Q z ( f )  has t h e  a p p r o p r i a t e   ( t r a n s v e r s e  or 
l o n g i t u d i n a l )   v o n  Karman fo rm.   Inco rpora t ion   o f  t he  von Karman 
s p e c t r a l   f o r m   a s s u m p t i o n   f o r  @ , ( f )  e l i m i n a t e s  t h e  problems 
a s s o c i a t e d   w i t h   s t a t i s t i c a l   f l u c t u a t i o n s   i n   e s t i m a t i o n   o f  t he  
f u n c t i o n a l   f o r m   o f  @,( f ' ) .  E s t i m a t i o n   o f  @,(f) i s  then   r educed  
t o   e s t i m a t i o n   o f  t h e  i n t e g r a l   s c a l e  L of  t h e  component z ( t ) ,  
s i n c e  u g  = 1 by d e f i n i t i o n .  

A rough  check  of t h e  von Karman form  assumption for @ , ( f )  
was performed a s  f o l l o w s .   H e r e ,   a g a i n ,  w e  have dea l t  w i t h  au to -  
c o r r e l a t i o n   f u n c t i o n s  r a t h e r  t h a n   s p e c t r a .  The a u t o c o r r e l a t i o n  
f u n c t i o n   d e a l t  w i t h  i s  t h a t  computed  from t h e   v e r t i c a l  component 
of a sample   case   ob ta ined  from t h e  N A S A  Langley MAT p r o j e c t ,  
which i s  d e s c r i b e d   i n  Ref.  1 8 .  T h i s  a u t o c o r r e l a t i o n   f u n c t i o n  
i s  d i s p l a y e d   i n   F i g .  6 on the same s c a l e  a s  tha t  shown i n  
F i g .  5. However, i t  i s  ev iden t   f rom  F ig .  6 t h a t  t h e  r e l a t i v e  
c o n t r i b u t i o n  of t h e  low-frequency  component w ( t )  i s  much less 
i n  t h i s  c a s e   t h a n  i t  was i n  t h e  c a s e   d i s p l a y e 8   i n   F i g .  5 .  The 
t ime h i s to ry   f rom  wh ich   F ig .  6 was computed i s  d i s p l a y e d  as the  
t o p   t r a c e   i n   F i g .  7 .  Comparison of t h e  t o p  t r a c e s   i n   F i g s .  7 
and 4 c l e a r l y  shows t h a t  t h e   r e l a t i v e   c o n t r i b u t i o n   o f   w s ( t )   i n  
t h e  v e r t i c a l   t r a c e   i n   F i g .  7 i s  much less  t h a n  tha t  i n  t h e  
c o r r e s p o n d i n g   t r a c e   i n   F i g .  4 .  
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FIG. 7. TURBULENCE  VELOCITY  HISTORIES:  WIND SHEAR  CONDITIONS.  [AIRCRAFT SPEED 
188 m/sec (616 f t / sec) . ]  (Ref .  2, F ig .  6, P. 283.) 



The a u t o c o r r e l a t i o n   f u n c t i o n  shown i n   F i g .  6 i s  a g a i n  d i s -  
p l ayed   on   an   en la rged  scale  i n   F i g .  8 .  To pe r fo rm a rough t e s t  
o f  t h e  von Karman a s s u m p t i o n   u s i n g  t h i s  a u t o c o r r e l a t i o n   f u n c t i o n ,  
we estimated ( c r u d e l y )  t h a t  ( ~ ~ ~ / o & )  z 0.10 f o r  t h e  a u t o c o r r e l a -  
t i o n   f u n c t i o n  shown i n   F i g s .  6 and 8. Fur thermore ,  f o r  t h i s  
rough t e s t ,  we r e t a i n e d   o n l y  t h e  c o n s t a n t  term Rw,(O) i n  Eq. 
( 6 . 4 )  as o u r   a p p r o x i m a t i o n   t o  R w s ( ' c ) .  U s i n g   t h i s   a p p r o x i m a t i o n ,  
Eq .  ( 6 . 8 )  r e d u c e s   o u r  estimate o f  R,(T) t o  

(6.10) 

When norma l i zed ,  t h i s   a p p r o x i m a t i o n   t o  R , ( T )  i s  g i v e n  by  t h e  
con t inuous   cu rve  shown i n   F i g .  8 when c o n s i d e r e d  as a f u n c t i o n  
o f   t h e  r e l abe led  o r d i n a t e  R Z ( ' r ) / R z ( O ) .  

The e n c i r c l e d   p o i n t s  shown i n   F i g .  8 a r e  p o i n t s   o f  t h e  
( t r a n s v e r s e )  von Karman a u t o c o r r e l a t i o n   f u n c t i o n   p l o t t e d  as a 
f u n c t i o n   o f  R z ( ' r ) / R Z ( O )  f o r   a n   i n t e g r a l   s c a l e   o f  L = 170.7 m 
(560  f t ) .  We r e f e r  t h e  reader  t o   p .  253 of  Ref. 19 f o r  t h e  

mathemat ica l   form  of  t h e  von Karman t r a n s v e r s e   a u t o c o r r e l a t i o n  
f u n c t i o n ,  as well as for a g raph   o f  t h i s  f u n c t i o n .  The e n c i r c l e d  
p o i n t s  shown i n   F i g .  8 were o b t a i n e d  by  c a r e f u l   r e a d i n g   o f   p o i n t s  
o f f  t he  von Karman t r a n s v e r s e   a u t o c o r r e l a t i o n   f u n c t i o n   p l o t t e d  
on   p .  253  o f  Ref. 1 9 ,  a f t e r  t h e  p o i n t s  had b e e n   s c a l e d   t o  t h e  
i n t e g r a l   s c a l e  shown i n   F i g .  8. The f i t  o f  t h e  c i r c l e d   p o i n t s  
t o  t he  con t inuous   cu rve  i s  e a s i l y  w i t h i n   o u r   r e a d i n g   e r r o r  of  
t h e   o r i g i n a l   c u r v e   i n  R e f .  19 .  From F i g .  8 ,  w e  mus t  conc lude  
t h a t  t h e  von Karman c u r v e   g i v e s   a n   e x c e l l e n t  f i t  t o  t h e  (small T) 
r e g i o n  o f  t h e   c u r v e   t h a t  i s  no t   h igh ly   con tamina ted  by t h e  a u t o -  
c o r r e l a t i o n   f u n c t i o n  R w , ( T )  o f  t h e  low-frequency  component w s ( t )  
i n  t de  model of Eq. ( 2 . 3 ) .  

A c a r e f u l   c o m p a r i s o n   o f   F i g s .  5 and 6 i n d i c a t e s  t h a t  no 
m e a s u r a b l e   d i f f e r e n c e   i n  t h e  components R Z ( ' r )  i n   t h o s e  two cu rves  
c a n  b e  a s c e r t a i n e d   e x c e p t   f o r   a m p l i t u d e   a n d   i n t e g r a l - s c a l e   s c a l e  
f a c t o r s .   T h u s ,  i t  i s  l i k e l y  t h a t  t h e  assumpt ion  t h a t  R z ( ~ )  and 
G Z ( f >  have t h e  a p p r o p r i a t e  von Karman forms i s  a good  one. 

One f u r t h e r  comment about  F i g .  8 i s  i n   o r d e r .  The von 
Karman form f a l l s  a lmos t   exac t ly   on  t h e  o r i g i n a l   c u r v e  where i t  
f irst  t o u c h e s  t h e  new a b s c i s s a .  T h u s ,  one  could estimate t h e  
i n t e g r a l   s c a l e   o f  t h e  component z ( t )  q u i t e   a c c u r a t e l y  in this 
case by u s i n g  t h e  p o i n t  where i t  f i r s t  t o u c h e s   t h e  new a b s c i s s a  
( i . e . ,  t h e   l o w e s t   c i r c l e d   p o i n t ) .  However, t h e  i n t e g r a l   s c a l e  
o f  t h e  component z ( t )   i n  t h e  model o f  E q .  ( 2 . 3 )  would b e  con- 
s i d e r a b l y  o v e r e s t i m a t e d  i f  one  computed i t  from t h e  f i r s t  
c r o s s i n g   o f  t h e  originaZ a b s c i s s a  (as is commonly do;?e) .  
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The s e c o n d   r e f i n e m e n t   t o  t h e  method f o r   e s t i m a t i o n   o f  
R , ( T )  g i v e n  by Eq .  ( 6 . 8 )  has t o  do w i t h  t h e   a s s u m p t i o n  t ha t  
Rof(T) = R u f ( 0 )  = ut i n  the  r e g i o n  of t h e  T a x i s  where R , ( T )  i s  
n o t   n e g l i g i b l e  - i . e . ,  t h e  assumpt ion  t ha t  took   u s   f rom Eq .  
( 6 . 2 )  t o  Eq. (6 .3 ) .   Th i s   a s sumpt ion   can   be   c i r cumven ted ,   because  
t h e   n o r m a l i z e d   a u t o c o r r e l a t i o n   f u n c t i o n  

- 

(f) 
I 
* 

f 

( 6 . 1 1 )  

o f  a f ( t )  can  be  estimated u s i n g  t h e  turbulence   model  o f  Eq. ( 2 . 3 ) ,  
2s  we sha l l  show s h o r t l y .  Before  showing how p a f ( - c )  can  b e  com- 

'. p u t e d ,  l e t  u s  f irst  summar ize   t he   above   desc r ibed   p rocedure   fo r  
e s t i m a t i n g   9 , ( f )   a n d  Q w s ( f ) ,  where w e  s h a l l   a s s u m e  t h a t  p a f ( . r )  
i s  known. 

Procedure f o r  estimating 9, f f )  and Qws f f )  . F i g u r e  9 il- 

l u s t r a t e s  t h e  e s t i m a t i o n   p r o c e ? u r e .  The s t e p s  are:  (1) Estimate 
a l i n e a r ,   q u a d r a t i c ,   o r   p o s s i b l y   h i g h e r - o r d e r   p o l y n o m i a l   a p p r o x i -  
m a t i o n   t o  R W s ( . r )  i n   t h e   n e i g h b o r h o o d   o f  T = 0 ,  as i s  i l l u s t r a t e d  
i n   F i g .  5 .  ( 2 )  S u b t r a c t  t h i s  estimate o f  RWs(.r)  from R w ( ~ ) .  

The r e m a i n i n g   f u n c t i o n  i s  o u r  estimate of R u f ( ~ )  R,(T), a s ' i s  
i n d i c a t e d  by Eq. ( 6 . 2 ) .   S i n c e ,  by d e f i n i t i o n ,  R,(O) 1, we 
have 

(6 .12 )  

i . e . ,  we o b t a i n   a n  estimate o f  a$ i n  t h i s  o p e r a t i o n . *  ( 3 )  Div ide  
t h e  estimate o f  R , - J ~ ( T )  R,(T) by a;. p O f ( ~ ) ,  which w e  s h a l l  d e s c r i b e  
how to estimate s h o r t l y .  T h i s  d i v i s i o n   y i e l d s   a n  estimate o f  
R , ( T ) .  ( 4 )  Determine the i n t e g r a l   s c a l e  that y i e l d s  t h e  best  
fit  of t h e  a p p r o p r i a t e  von Karman a u t o c o r r e l a t i o n   f u n c t i o n   t o  
t h i s  estimate o f  R , ( T ) .  Note t h a t  R,(O) w i l l  be u n i t y .  ( 5 )  Sub- 
t r a c t   t h e   p r o d u c t   o f  t h i s  von Karman estimate o f  R , ( T )  and 

( T )  - i . e . ,  Ruf(.r)  R , ( T )  - from  R,(T). T h i s  s u b t r a c t i o n  
y i e l d s  a new estimate o f  R w s ( ~ ) .  ( 6 )  Examine t h e  b e h a v i o r  of 

- 

p,f 

- 
*An independen t   a l t e rna t ive   me thod  f o r  e s t i m a t i n g  uf  = E{,;) i s  2 

d e s c r i b e d   i n   A p p e n d i x  G .  
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F I G .  9 .  I D E A L I Z E D   S K E T C H  OF A U T O C O R R E L A T I O N   F U N C T I O N  OF 
A T M O S P H E R I C   T U R B U L E N C E   A N D   A U T O C O R R E L A T I O N   F U N C T I O N  
O F  I T S   C O M P O N E N T S .  
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t h i s ' n e w  estimate o f  RWs( ' r )  i n  t h e  v i c i n i t y   o f  T = 0 t o   a s c e r t a i n  
i f  there  i s  any   obv ious   con t r ibu t ion   f rom  Ruf (T)  R , ( T )  r ema in ing .  
If t h e r e  is  one, form a new estimate o f  Rws( ' r )  t ha t  e l i m i n a t e s  
t h e  c o n t r i b u t i o n  o f  Rof( 'r)  R,(T) a n d   r e p e a t   S t e p s  (1) t h rough  
( 6 ) .  ( 7 )  T h e . f i n a 1  estimate o f  Q,(f)  i s  the  a p p r o p r i a t e   v o n  
Karman s p e c t r a l  form w i t h   t h e   i n t e g r a l   s c a l e , p r o v i d e d  by t h e  
above   procedure .  The f i n a l  estimate o f  Qws(f )  ' is the' F o u r i e r  
t r a n s f o r m   o f   t h e   f i n a l  estimate o f  Rws( ' r )  d e t e r m i n e d   i n   S t e p  ( 5 ) .  

Procedure f o r  estimating 00 (T). Here, i t  w i l l  be assumed f 
tha t  t he re  e x i s t s  a f r equency  f ,  such  t h a t  f o r  a l l  f 1. f . 0  t he  
c o n t r i b u t i o n   o f  t h e  component w s ( t )  o f  t h e  model  of E q .  ( 2 . 3 )  
t o  t h e  s p e c t r u m   o f  w ( t )  i s  n e g l i g i b l e   i n   c o m p a r i s o n  w i t h  t h e  
c o n t r i b u t i o n   o f  t h e  component . w f ( t )  = a f ( t )  z ( t )  . The f r equency  
f ,  should  b e  chosen  on the  low  end  of t h e  f r equency   r ange   o f  
t h e  p o r t i o n   o f  t h e  spec t rum @ w ( f )  t h a t  s a t i s f i e s  t h e  -5/3  decay 
law o f  t h e  von Karman spec t rum.  T h i s  v a l u e   o f  f o  would  cor- 
r e s p o n d   t o   a n   i n v e r s e   w a v e l e n g t h   o f   a b o u t  3 x c y c l e s / f t  
(9 .84  x cycles /m)  f o r  the  spec t rum shown i n   F i g .  1 0 ,  which 
i s  t h e  wavenumber s p e c t r u m   o f   t h e   v e r t i c a l   r e c o r d  shown i n   F i g .  
4 ,  whose a u t o c o r r e l a t i o n   f u n c t i o n  i s  shown i n  Fig. 5 .  

The f i rs t  s t e p   i n   e s t i m a t i n g  p o f ( ~ )  from a t u r b u l e n c e  
r e c o r d  w ( t )  i s  t o   h i g h - p a s s  f i l t e r  w ( t ) ,  where t h e  h igh-pass  
f i l t e r  a t t e n u a t e s  a l l  f requency  components   of  w ( t )  for f < f 
Denote t h e  f i l t e r e d  r e c o r d  by  w h ( t ) ,  as was done i n  Eq.   (5 .2%:  

where, here ,  A '  i s  a n   a r b i t r a r y   p o s i t i v e   c o n s t a n t   a n d   z h ( t )  i s  a 
h igh-pass  f i l t e r e d  v e r s i o n   o f   z ( t ) .   S i n c e  crf(t) i s  n o n n e g a t i v e ,  
by d e f i n i t i o n ,  w e  may e x p r e s s   t h e   a b s o l u t e   v a l u e   o f  w h ( t )  as 

F u r t h e r m o r e ,   s i n c e  t h e  r e c o r d   w h ( t )  i s  a v a i l a b l e   f o r   m a n i p u l a t i o n ,  
we may compute i t s  a b s o l u t e   v a l u e   a n d   f i n d  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n   o f   I w h ( t ) l ,   w h i c h ,   a c c o r d i n g  t o  Eq. ( 6 . 1 4 ) , i s  r e l a t ed  
t o  t h e  a u t o c o r r e l a t i o n   f u n c t i o n s  of a f ( t )  and l z h ( t ) l  by 
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(6.16) 

f u r t h e r m o r e ,   d i v i d i n g  Eq. (6 .16 )  by R U f ( O )  - and  using t h e  de f i -  
n i t i o n   o f  Eq. ( 6 . 1 1 )  - y i e l d s  

It was shown i n  R e f .  5 t h a t   o n l y   r a r e l y   c a n  we not   assume t h a t  
t h e  a u t o c o r r e l a t i o n   f u n c t i o n  of w h ( t )   i n  Eq. ( 6 . 1 3 )  i s  well 
r e p r e s e n t e d  by 

= R ( 0 )  R (T) 
O f  "h 

(6.18) 

Equa t ions  (6.17) and ( 6 . 1 8 )  p rov ide   u s  w i t h  t h e  means t o  estimate 
t h e   n o r m a l i z e d   a u t o c o r r e l a t i o n   f u n c t i o n  p u f ( - r ) .  The numerztor  
of  Eq. (6 .17 )   can  be computed d i r e c t l y   f r o m  t h e  a b s o l u t e   v a l u e  
o f  t h e  f i l t e r e d  t u r b u l e n c e   r e c o r d .  Also ,  we can  compute R W h ( ~ )  
from t h e  same ( u n r e c t i f i e d )   r e c o r d .   F u r t h e r m o r e ,   s i n c e   z ( t ) ,  
by assumption,  i s  a s t a t i o n a r y   G a u s s i a n   p r o c e s s ,   z h ( t )   a l s o  i s  
s t a t i o n a r y  and  Gaussian.  We therefore   can   compute  t h e  q u a n t i t y  
( A ' ) 2  Ruf (0 )  R l z h l  ( T )  from t h e  m e a s u r e d   a u t o c o r r e l a t i o n   f u n c t i o n  
R w ~ ( T )  b y  u s i n g  t h e  well known r e l a t i o n s h i p   [ e . g . ,   p .   1 6 6   o f  
Ref. 81 

I 

+ Rw ( T )  a r c c o s  [-R ( T ) / R  (O)] - - 
h Wh  Wh 



T h u s ,   a c c o r d i n g   t o  E q .  (6.17), po ( T )  may b e   e s t i m a t e d   b y  
d i v i d i n g   t h e   a u t o c o r r e   Z a t i o n   f u n c t i o n  R ( T )  [ w h i c h  is t o  
b e   c o m p u t e d   d i r e c t l y  from t h e   a b s o l u t e   v a l u e   I w h ( t )  I o f   t h e  
f i Z t e r e d   r e c o r d   w h ( t ) ]   b y   t h e   r i g h t - h a n d   s i d e  of E q .  (6.19) 
[ w h i c h .  i s  computed   f rom R w h ( T ) ] .  T h e   a u t o c o r r e z a t i o n   f u n c t i o n  

f 
IWh I 

i s  t o  b e   c o m p u t e d   d i r e c t l y   f r o m   t h e   ( u n r e c t i f i e d )   r e c o r d  

w h ( t )  * 
We may c h e c k   t h e  c o n s i s t e n c y   o f   t h e   a b o v e   m e t h o d  by e v a l u a t -  

i n g   E q .  ( 6 . 1 7 )  a t  T = 0 and  T = a. F i r s t ,   c o n s i d e r  T = 0 .  S i n c e  
( 0 )  = E { I W ~ ~ ~ ~ )  = EIw;}, Eq. ( 6 . 1 7 )  y i e l d s ,  a t  T = 0 ,  

Rlwhl  

( 6 . 2 0 )  

*The   approx ima t ion  made i n  E q .  ( 6 . 1 8 )  car1 be a v o i d e d   i f   t h e  
" a r c s i n  law" i s  employed t o  compute R z (T) i n  t h e  d e n o m i n a t o r  
o f  E q .  ( 6 . 1 7 ) .  We u s e d   t h e  a r c s i n   l a w   s u c c e s s f u l l y   w i t h   t u r b u -  
l e n c e  data i n  w o r k   r e p o r t e d  i n  Ref.  6 ( e . g . ,  p p .  1 6 - 2 1 ) .  I n  
u s i n g  t h e  a r c s i n  law in t h e  c o m p u t a t i o n   o f  p a f ( ~ ) ,  one  must 
r e p l a c e  t h e  d e n o m i n a t o r . o f  t h e  r i g h t - h a n d   s i d e  of E q .  ( 6 . 1 7 )  

I h l  

by 

where 

where R , ( T )  Ts t h e   a u t o c o r r e l a t i o n   f u n c t i o n  o f  t h e  h a r d - c l i p p e d  
v e r s i o n   o f ~ W h ( T )   t h a t  i s  formed b y  s e t t i n g  t he  h a r d - c l i p p e d  
w a v e f o r m   e q u a l   t o  +1 where i t  i s  p o s i t i v e   a n d  -1 where i t  i s  
n e g a t i v e .  
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The  denominator   o f   Eq .  ( 6 . 2 b )  must be e v a l u a t e d   f r o m  Eq. ( 6 . 1 9 ) ;  
f o r  T = 0 ,  u s i n g  t h e  f a c t  t ha t  a r c c o s ( - 1 )  = T ,  we f i n d   f r o m  
Eq. ( 6 . 1 9 )  t h a t  

( A ' ) 2  R ( 0 )  R ( 0 )  = p' T R ( 0 )  - R ( 0 ) l  I 
af  l Z h l  I Wh  Wh 

= Rw ( 0 )  = E{wi )  ; ( 6 . 2 1 )  
h 

h e n c e ,  by combining   Eqs .  ( 6 . 2 0 )  and  (6 .211 ,  we h a v e   p o f ( 0 )  E 1, 
which i s ,  o f   c o u r s e ,   c o r r e c t .  

Now l e t  u s   e v a l u a t e  Eq. ( 6 . 1 7 )  a t  T = OD. R e c o g n i z i n g   t h a t  
(..> = { E [ l ~ h 1 1 ) ~ ,  we see t h a t  Eq. ( 6 . 1 7 )  y i e l d s ,  a t  T = OD, IWh I 

( 6 . 2 2 )  

E v a l u a t i n g  t h e  d e n o m i n a t o r   u s i n g   E q .  ( 6 . 1 9 )  a n d   r e c o g n i z i n g   t h a t  
R W h ( w )  = 0 ,  we have  

(A')2 R ( 0 )  R = - ( R  ( 0 ) )  = E [ w i ]  2 

O f  IZhI * Wh 7T 

Combining  Eqs.  ( 6 . 2 2 )  and ( 6 . 2 3 )   y i e l d s  

{E[  I w , ~  ] I 2  
P = 2 

O f  - Tf E C W ~ I .  

However,  from  Eq. ( 6 . 1 4 ) ,  we have  

( 6 . 2 4 )  

( 6 . 2 6 )  



S u b s t i t u t i n g   E q s .   ( 6 . 2 5 )   a n d   ( 6 . 2 6 )   i n t o  Eq. ( 6 . 2 4 )   y i e l d s  

However, z h ( t )  i s  a G a u s s i a n   p r o c e s s   w i t h   z e r o  mean v a l u e ;   h e n c e ,  
w e  h a v e  [ e . g . ,  Eq. ( 4 . 4 - 2 5 )  on   p .   166  of Ref. 81 

( 6 . 2 8 )  

which  i s  t h e  c o r r e c t   v a l u e .  The method of Eqs.  ( 6 . 1 7 )  and  (6.19) 
t h e r e f o r e   c h e c k s ,   e x a c t l y ,   i n   t h e   l i m i t i n g  c a s e s  'I = 0 and 'I = 00. 

E s t i m a t i o n  o f  Power  Spectrum o f  o ; ( t )  

A p r o c e d u r e  s imilar  t o  t h a t  d e s c r i b e d   a b o v e   c a n  be u s e d   t o  
estimate t h e  a u t o c o r r e l a t i o n   f u n c t i o n  R,;(T) o f  a f ( t ) .  S q u a r i n g  
Eq. ( 6 . 1 3 1 ,  w e  have 

From t h e  a s s u m e d   s t a t i s t i c a l   i n d e p e n d e n c e  of U f ( t )  and z i ( t ) ~  
i t  f o l l o w s   t h a t  

2 

where w e  h a v e   d e f i n e d  



w i t h   c o m p a r a b l e   d e f i n i t i o n s   h o l d i n g   f o r   R a F ( . r )   a n d  R , K ( T ) .  
S o l v i n g   E q .  (6 .31)  f o r  RU:(.r) y i e l d s  

R 2 ( T )  
Wh 

R 2 ( ~ )  = (6 .33 )  
Of ( A ' > 4  R 2 ( ~ )  . .  

.~ 

'h 

By s q u a r i n g  a g i v e n   h i g h - p a s s   f i l t e r e d   r e c o r d i n g   w h ( t ) ,  we 
can  compute R W i ( . r )  d i r e c t l y .  To compute R z i ( ~ ) ,  w e , b e g i n   w i t h  
t h e   a p p r o x i m a t i o n   o f   E q .  ( 6 . 1 8 ) ,  w h i c h . c a n  be  e x p r e s s e d  as 

which i s  e q u i v a l e n t   t o   t h e   e x p r e s s i o n  

Now, if E q .  (6.35) were  an  exact  expression, i t  wou ld   fo l low t h a t  

from  which i t  would follow t h a t  

But ,   f rom  Eq.  ( 4 . 4 - 2 6 )  on   p .  166  of  Ref. 8 ,  we have  for s t a t i o n a r y  
G a u s s i a n   p r o c e s s e s   { w h ( t ) ) ,  

Rwh 
2 ( ~ )  = [ R  ( 0 ) 1 2  + 2 [ R  

Wh  Wh 
( 6 . 3 8 )  

S u b s t i t u t i o n   o f  E q .   ( 6 . 3 8 )   i n t o  Eq. ( 6 . 3 7 )  y i e l d s  
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the  v a l i d i t y   o f   w h i c h   d e p e n d s   o n  t h e  s t a t i o n a r y   G a u s s i a r l   a s s u m p -  
t i o n   f o r   { z h ( t ) }   a n d ' t h e   a p p r o x i m a t i o n   o f  Eq. (6 .34 ) .   Combin ing  
Eqs. ( 6 . 3 3 )   a n d   ( 6 . 3 9 )   y i e l d s ,   f i n a l l y ,  

which i s  t h e  desired e x p r e s s i o n . *   N o t i c e  t h a t  R w h ( ~ )  c an  b e  

*The a p p r o x i m a t i o n   o f  Eq .  ( 6 . 3 4 )   c a n   b e   e l i m i n a t e d   i n   d e r i v i n g   a n  
e x p r e s s i o n   f o r  R 0 2 ( ' r )  u s i n g  t he  " a r c s i n  law" as was t h e  c a s e  w i t h  
pa (T) c o n s i d e r e d   i n  t h e  p r e v i o u s   f o o t n o t e .  From  Eq. ( 6 . 3 3 ) ,  we 
haf;e, e x a c t l y ,  

f 

Apply ing  Eq.  ( 6 . 3 8 )  to t h e   G a u s s i a n   p r o c e s s  z h ( t )  y i e l d s  

Using  t h e  " a r c s i n  law", we have  

where Ro (T) was d e f i n e d   i n  t h e  l a s t  f o o t n o t e .  The above  ex-  
p r e s s i o n s   c a n  be e v a l u a t e d  t o   y i e l d  p 2 ( T )  a n d ,   t h e r e f o r e ,  
R 2 ( ~ )  i n  terms o f   R a 2 ( 0 ) .  To compute R o z ( 0 ) ,  we n o t e  t h a t  

"f 

"f f f 

wh ich   can  be s o l v e d   f o r  R a 2 ( 0 )  i n  terms o f  p 2 ( 4 3 )  and 
f "f 

8 1  



e v a l u a t e d   d i r e c t l y   f r o m   t h e   h i g h - p a s s   f i l t e r e d   t u r b u l e n c e  . 
sample w h ( t ) ,  whereas R w 2 ( ~ )  c a n  be e v a l u a t e d   d i r e c t l y   f r o m  
the  s q u a r e d   s a m p l e   \ i i ( t ) .  E{o;) c a n  be e v a l u a t e d   b y  the method 

h 

i l l u s t r a t e d  i n   F i g .  9 o r  by t he  m e t h o d   d e s c r i b e d  i n  Appendix G .  
N o t i c e   a l s o  t h a t ,  f rom t h e  d e f i n i t i o n   o f  R we must   have 

( 6 . 4 1 )  

To check  t h e  c o n s i s t e n c y   o f   E q .   ( 6 . 4 0 1 ,  we sha l l  e v a l u a t e  
i t  for t h e  l i m i t i n g   c a s e s  T = 0 and T = QJ. For T = 0,  Eq. ( 6 . 4 0 )  
y i e l d s  

( 6 . 4 2 )  

However ,   f rom  Eq .   (6 .13 ) ,   u s ing  t h e  s t a t i s t i c a l   i n d e p e n d e n c e   o f  
a f ( t )  and  z h ( t ) ,  w e  have  

( 6 . 4 3 )  

a n d  

E [ w i ]  = (A')* E[oF] Eczk]  . ( 6 . 4 4 )  

S u b s t i t u t i n g  these q u a n t i t i e s   i n t o   E q .  ( 6 . 4 2 )  a n d   c a n c e l l i n g  
i d e n t i c a l   q u a n t i t i e s   i n  t h e  n u m e r a t o r   a n d   d e n o m i n a t o r  y i e l d  

( 6 . 4 5 )  

However, z h ( t )  i s  assumed t o  b e  a s t a t i o n a r y   G a u s s i a n   p r o c e s s  
w i t h  z e r o  mean v a l u e .  It f o l l o w s  ( e . g . ,  p .  2 2 1  of Ref. 10.) t h a t  

82 



Ecz;] = ; ( 6 . 4 6 )  

hence ,  w e  have  from E q s .  ( 6 . 4 5 )   a n d   ( 6 . 4 6 )  

which ,  of c o u r s e ,  i s  an i d e n t i t y .   T h u s ,  Eq.  (6 .40)  y i e l d s  t h e  
c o r r e c t   v a l u e  a t  T = 0. 

For T = OD, it  fo l lows  d i r e c t l y  from Eq. (6 .40)  tha t  we may 
write 

( 6 . 4 8 )  

which i s  t h e  c o r r e c t   l i m i t i n g   v a l u e   g i v e n  by Eq.  ( 6 . 4 1 ) .  Con- 
s e q u e n t l y ,  Eq .  ( 6 . 4 0 )  p r o v i d e s  t h e  c o r r e c t   e x a c t   l i m i t i n g   v a l u e s  
a t  T = 0 a n d  T = 00. 

= IECa 

L L  AI e 

where  6 t f l  i s  t h e   D i r a c   d e l t a   f u n c t i o n   a n d   w h e r e  ( E [ U ? ] } ~  may 
b e   e v a l u a t e d   u s i n g   t h e   m e t h o d   d e s c r i b e d   i n   A p p e n d i x  G o r  f r o m  
t h e   m e t h o d   i l l u s t r a t e d   i n  F i g .  9 .  A t 2  t h a t  a r e   r e q u i r e d   t o  
e v a t u a t e   t h e   i n t e g r a n d  iy Eq. ( 6 . 4 9 )  are  t h e   a u t o c o r r e   l a t i o n  
f u n c t i o n s  of w h ( t l  and w h f t l ,  b o t h  o f  w h i c h   c a n   b e   e v a t u a t e d  
d i r e c t t y   f r o m   t h e   h i g h - p a s s   f i l t e r e d   t u r b u t e n c e   s a m p l e   w h ( t l .  
T h e   F o u r i e r   t r a n s f o r m   i n   E q .  ( 6 . 4 9 )  woutd ,  of c o u r s e ,  b e   c a r r i e d  
o u t   n u m e r i c a t t y .  



E s t i m a t i o n  o f  Moments a n d   P r o b a b i l i t y   D e n s i t y  o f  a;(t) 

Moments of  a!. L e t  u s  now t u r n   t o  t h e  deve lopmen t  of 
m e t h o d s   f o r   d e t e r m i n a t i o n   o f  the  m o m e n t s   a n d   p r o b a b i l i t y   d e n s i t y  
f u n c t i o n  of a F ( t ) .  The moments pu2 r e q u i r e d   f o r   c o m p u t a t i o n   o f  
t h e  r e s p o n s e   e x c e e d a n c e  rates N + ( y f   a n d   p r o b a b i l i t y   d e n s i t y  
f u n c t i o n   p ( y )   i n  E q s .  ( 4 . 2 8 )   a n d  (4 .46)2are t h e  c e n t r a 2  moments - 
i . e . ,  moments t a k e n   a b o u t  t h e  mean o f  af. See  E q .  ( 4 . 2 9 ) .  
Here, we s h a l l  d e v e l o p  a m e t h o d   f o r   d e t e r m i n i n g   t h e   m o m e n t s  

( n )  

M($) t a k e n   a b o u t  t h e  o r i g i n  - i . e . ,  
af  

It i s  easy t o  show [ e . g . ,  E q s .  ( 9 8 )  and  ( 9 9 )  on   pp .  273  and  2 7 4  
o f  R e f .  161 t h a t  t h e  n t h   c e n t r a l  moment c a n  b e  computed  from t h e  
moments MA!), k = 0,1,2,. . . ,n by t h e  f o r m u l a  

f 

where we n o t e  t ha t  PI(:) i s  t h e  area u n d e r  t h e  p r o b a b i l i t y   d e n s i t y  
f u n c t i o n ;   h e n c e ,  O f  

and 

(") = k!  ( n - k ) !  
n! ( 6 . 5 3 )  

8 4  



E q u a t i o n   ( 6 . 5 4 a )  s tates t h a t  t h e  first c e n t r a l  moment i s  z e r o ,  
whereas Eq. (6.54b) i s  t h e  familiar e x p r e s s i o n  for t h e  second  
c e n t r a l  moment, which i s  t h e   v a r i a n c e .  [See E q .  ( 4 . 2 3 ) . ]  

L e t  u s   t u r n  now t o   d e v e l o p i n g  a m e t h o d   f o r   d e t e r m i n i n g  the 
moments MAP), n = 1 , 2 , 3 , .  . . d e f i n e d   b y  Eq.  ( 6 . 5 0 ) .  To do s o ,  
w e  s h a l l   a g a i n   a s s u m e  t h a t  we h a v e   a v a i l a b l e  t he  high-pass 
f i l t e r e d  t u r b u l e n c e   s a m p l e  Wh(t)  d e s c r i b e d  e a r l i e r ,  which has 
t h e  fo rm  o f   Eq .  (6 .13) ,  where A '  i s  a n  a rb i t r a ry  p o s i t i v e   c o n s t a n t  
a n d   z h ( t )  i s  a h i g h - p a s s  f i l t e r e d  v e r s i o n   o f  t h e  G a u s s i a n   t u r b u -  
lence   component  z ( t )  d e f i n e d  b y  Eq. ( 2 . 3 ) .  L e t   u s  now wri te  a n  
e x p r e s s i o n   f o r  t h e  n t h  moment o f  w i ( t ) ,  which  i s  e x p r e s s e d   i n  
terms o f  o;(t> a n d   z i ( t )  by Eq. ( 6 . 3 0 ) .   U s i n g  t h e  f a c t  t h a t  
u f ( t )   a n d   z ( t )  are assumed t o  be s t a t i s t i c a l l y   i n d e p e n d e n t ,  it 
f o l l o w s   i m m e d i a t e l y  t ha t  we can  wri te  t h e  n t h  moment of Eq. 
( 6 . 3 0 )  as 

f 

f rom  which  we may s o l v e  f o r  E{[o f ]  1 as 2 n  

S i n c e  we have   assumed tha t  t h e  h i g h - p a s s  f i l t e r e d  sample w h ( t )  
i s  a v a i l a b l e ,  w e  c a n   n u m e r i c a l l y   s q u a r e  i t  and   then   compute  t h e  
f i rs t  s e v e r a l  moments  E{[wA]n),  n = 1 , 2 , 3 , . . .  . F u r t h e r m o r e ,  
s i n c e  ' z ( t )  i s  assumed t o  be G a u s s i a n ,  zh(t) also i s  G a u s s i a n ;  
h e n c e ,  w e  can  compute t h e  moments  E{[zh] 1 i n  terms of EIzi}, 
as w e  s h a l l  now show. 

2 n  

It i s  known ( e .g . ,  pp .  233-236 o f  R e f .  9 )  tha t  t h e  p ro -  
b $ b i l i t y  d e n s i t y   f u n c t i o n  o f  t h e  s q u a r e   o f  t h e  G a u s s i a n   v a r i a t e  
Z h  i s  g i v e n  by t h e  c h i - s q u a r e   d e n s i t y  w i t h  one   degree-of - f reedom.  
L e t t i n g  

x = z  2 
h ( 6 . 5 7 )  

and  

o 2  = ' 



we  have, from p. 236 of Ref. 9, for  the probability  density of 
z 2  h 

1 x e .  , X ' O  
-% -x/(202) 

P,2(X) ={; 
h 

, x < o  (6.59) 

To determine  an  expression  for  the  moments of zh, 
2 

(6.60) 

we  shall  want to consider  the  normalized  variable,  which  is  de- 
fined  from Eqs. (6.57) and  (6.58)  as 

z2 

o 2  02. 

E = " -  A h -  X (6.61) 

Let p ( 5 )  denote  the  probability  density  of 5 .  Then,  since 5 

(6.62) 

it follows  immediately  that the moments Mx of zi can be computed 
from the  moments M 5 (n) of 5 by 

(n) 

where we have  used E q s .  (6.61)  and (6.62) and where M(n) denotes 
the nth  moment of the  variable 5 = x/02. 5 

Using E q s .  (6..61) and (6.62),  it follows  from Eq. (6.59) 
that the probability  density of 5 is 
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( 6 . 6 4 )  

where we h a v e   u s e d  the fact  that  (dx/dE) = u2. E q u a t i o n   ( 6 . 6 4 )  
i s  the  u s u a l   n o r m a l i z e d   f o r m   o f  t h e  c h i - s q u a r e   d e n s i t y   f u n c t i o n  
w i t h  one   degree-of - f reedom.  The moments of 5 are g i v e n   o n  p .  405 
o f  Ref. 20. See E q s .   ( 6 5 )   a n d   ( 6 6 )   o f  Ref. 2 0 ,   u s i n g  m = 1. 
These moments are 

where w e  have   u sed  the f a c t  t h a t  I ' (1 /2)  = f i .  Using  the r e l a t i o n -  
s h i p  r ( n + l >  = n r ( n ) ,   t o g e t h e r  w i t h  r(1/2) = fi, one may 
s u c c e s s i v e l y  wr i t e  o u t   T ( + n )  f o r  n = l , 2 , . . .   t o   d i s c o v e r  t ha t  1 

( 6 . 6 6 )  

Combining E q s .  ( 6 . 6 3 b ) ,   ( 6 . 6 5 1 ,   a n d   ( 6 . 6 6 )   y i e l d s  t h e  desired 
e x p r e s s i o n  f o r  Mx ( 4 .  . 

M ( n )  = 103.5 ... ( 2 n - l ) ~ ~ "  
'h X 9 

where we h a v e   i n s e r t e d  t h e  s u b s c r i p t  z on t h e  (J t o   d e n o t e  t ha t  
i t  r e p r e s e n t s  t h e  s t a n d a r d   d e v i a t i o n  09 t h e  v a r i a b l e  Z h .  Com- 
b i n i n g  E q s .  ( 6 . 5 6 )   a n d   ( 6 . 6 7 )   a n d   u s i n g   t h e   n o t a t i o n * o f . E q .   ( 6 . 6 0 )  
t o g e t h e r  w i t h  t h e  d e f i n i t i o n  

( 6 . 6 8 )  

w e  o b t a i n  for t he  n t h  moment of u: 
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To p u t  t h e  a b o v e   e x p r e s s i o n   i n  a m o r e   u s e f u l   ' f o r m ,  we . n o t e  that  
f o r  n = 1, Eq.  (6 .69 )   becomes  
. .  , 

S o l v i n g  E q .  ( 6 . 7 0 )  f o r  (A'a, ) 2  a n d   i n s e r t i n g  t ha t  e x p r e s s i o n  
' i n t o  Eq.  ( 6 . 6 9 )  y i e l d s ,  f i n a p l y ,  

E q u a t i o n  ( 6 . 7 1 )  i s  t h e   d e s i r e d   e x p r e s s i o n   f o r   t h e   m o m e n t s  
Ma; , n = l , 2 , 3 , .  . . o f  a;. E q u a t i o n  ( 6 . 5 1 )  y i e l d s   t h e   c e - n t r a t  

moments p 2 f r o m   t h e s e   m o m e n t s .   I n   e v a l u a t i n g   t h e   r i g h t - h a n d  

s i d e  of  E q .  t 6 . 7 1 ) ,  t he   momen t s  E { [ w h ]  1 ,  n = 1 , 2 , 3  ,... are  t o  
b e   c o m p u t e d   d i r e c t l y   f r o m   t h e   s q u a r e d   h i g h - p a s s   f i t t e r e d   t u r b y -  
l e n c e   s a m p l e   w h ( t )   d e s c r i b e d  b y  E q .  ( 6 . 1 3 ) .  T h e   q u a n t i t y  E c c r f ]  
c a n   b e   d e t e r m i n e d   f r o m   t h e   m e t h o d   i l l u s t r a t e d   i n  F i g .  9 o r  t h e  
m e t h o d   d e s c r i b e d   i n   A p p e n d i x  G .  

( n )  
(n 

O f  2 n  

P r o b a b i l i t y   d e n s i t y   f u n c t i o n   o f  a?. bet  u s  now t u r n  to 
e s t i m a t i o n  of t h e  p r o b a b i l i t y   d e n s i t y   o f   o f .   S i n c e  we already 
h a v e   a n   e x p r e s s i o n ,  E q .  ( 6 . 7 1 ) ,  f o r  t h e  moments o f  a t ,  it will 
be c o n v e n i e n t   t o   d e v e l o p   a n   a p p r o x i m a t i o n   f o r  the p r o b a b i l i t y  
d e n s i t y   f u n c t i o n   o f  a; f rom these moments. To do so,  we sha l l  
u s e   a n   e x t e n s i o n  of  t h e  Gram-Charlier se r ies .  

The Gram-Charlier se r ies  i s  a n   e x p a n s i o n   o f  a p r o b a b i l i t y  
d e n s i t y   f u n c t i o n ,  t h e  f i r s t  term i n  t h e  e x p a n s i o n   b e i n g  a normal  
p r o b a b i l i t y   d e n s i t y   f u n c t i o n  w i t h  t h e  c o r r e c t  mean   and   va r i ance  
and  t h e  c o e f f i c i e n t s  o f  t h e ,  s a y ,  N c o r r e c t i o n  terms b e i n g  
chosen  so  t h a t  t h e  moments t h r o u g h   o r d e r  N o f  t h e  series a p p r o x i -  
m a t i o n  a r e   s e t  e q u a l   t o  t h e  moments o f  t h e  o r i g i n a l   d i s t r i b u t i o n .  
The Gram-Charlier se r ies  i s  descr ibed i n  t h i s  manner  on  pp.   270- 
272 o f  Ref. '14. However, t h e  Gram-Charlier se r ies  u s u a l l y  i s  
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n o t   d e r i v e d   u s i n g  t h i s  moment e q u i v a l e n c e   c r i t e r i o n  - e.g. ,  
R e f .  9, pp.  222-223 o r  R e f .  20, pp.  136-137. U s i n g   t h e  moment 
c r i t e r i o n   f o r   c h o i c e  o f  the c o r r e c t i o n  term c o e f f i c i e n t s ,  t h i s  
wr i te r  has e x t e n d e d  t h e  Gram-Charlier series t o  c o m p l e t e l y  
a rb i t ra ry  "base d e n s i t y   f u n c t i o n s "   ( a n a l o g o u s  t o  the normal  
p r o b a b i l i t y   d e n s i t y )   o n   p p .   2 6 9 - 2 7 8   o f  Ref. 16 (where t h e  
a p p l i c a t l ' o n  was t o  a d i f f e r e n t   p r o b l e m ) .  

S i n c e  t h e  r a n d o m   v a r i a b l e  u2 u n d e r   p r e s e n t   d i s c u s s i o n   c a n n o t  
be  n e g a t i v e ,  the n o r m a l   p r o b a b i l  f t y  d e n s i t y   f u n c t i o n  i s  n o t   a n  
a p p r o p r i a t e  ''base d e n s i t y   f u n c t i o n ' '   f o r   e x p a n s i o n   o f  u;. However, 
the  gamma d e n s i t y   f u n c t i o n  - e . g . ,   p p .  220-221 of R e f .  10 - i s  
a p p r o p r i a t e   s i n c e  i t  has t h e  f l e x i b i l i t y   r e q u i r e d   i n   t h e   p r e s e n t  
a p p l i c a t i o n ,  y e t  d o e s   n o t   p e r m i t   n e g a t i v e   v a l u e s   o f  t h e  v a r i a t e  
it d e s c r i b e s .  The gamma p r o b a b i l i t y   d e n s i t y  has t h e  form 

where r ( y )  i s  t h e  gamma f u n c t i o n   a n d  where V = 0; i s  t h e  v a r i a t e  
b e i n g   d e s c r i b e d .  

N o t i c e  t h a t  p(V;y ,X)  c o n t a i n s  two "free" p a r a m e t e r s ,  y and X .  
The mean a n d   v a r i a n c e   o f  p ( V ; y , X )  are re la ted t o  y and  X by 

from  which w e  may s o l v e   f o r  y and X i n   t e r m s   o f  t h e  mean  and 
v a r i a n c e   t o   g i v e  

Y =  
M$2) - 



O f  p a r t i c u l a r   i n t e r e s t ,  i n  t h e  p r e s e n t   a p p l i c a t i o n ,  i s  the 
c a p a b i l i t y   o f   p ( V ; y , A )   t o   a p p r o x i m a t e  t h e  d e n s i t y   f u n c t i o n   o f  
V = u; when t h g  r e l a t ive  s t a n d a r d   d e v i a t i o n  (or r e l a t i v e  
v a r i a n c e )   o f   o f  i s  small - i . e . ,  when t he  r a t i o   o f   t h e   s t a n d a r d  
d e v i a t i o n   o f  a$ t o  t h e  mean o f  u t  is’ small. A c c o r d i n g  t o  Eq .  
( 6 . 7 9 ,  t h i s  . r a t i o   ( f o r  t h e  var ia te  V) i s  g i v e n  by y-’. Thus,  
the  a s y m p t o t i c   f o r m   o f   p ( V ; y , h )   f o r  large y i s  o f   i n t e r e s t .  
However, i t  is  i m m e d i a t e l y   e v i d e n t   f r o m   t h e  form o f  t h e  c h a r a c -  
t e r i s t i c  f u n c t i o n   o f  t h e  gamma d e n s i t y   p ( V ; y , X )  - e . g . ,  p .  2 2 1  
o f  Ref. 10 - t h a t ,   a c c o r d i n g   t o  t h e  c e n t r a l  limit t h e o r e m ,  t h e  
gamma d e n s i t y   f u n c t i o n   a p p r o a c h e s  a n o r m a l   o r   G a u s s i a n   d e n s i t y  
as y + a; f u r t h e r m o r e ,   i n  t h e  a c t u a l  limit y = , p(V;y,A) 
becomes a D i r a c  d e l t a  f u n c t i o n   l o c a t e d  a t  V = E{V) = MS1), when 
y and X a re  c h o s e n   t o  s a t i s fy  Eqs.  ( 6 . 7 5 )  t o   ( 6 . 7 6 ) .   T h u s ,   f o r  
small v a l u e s   o f   r e l a t i v e   s t a n d a r d   d e v i a t i o n ,  p ( V ; y , X )  has t h e  
g e n e r a l   a p p e a r a n c e   o f  a G a u s s i a n   d e n s i t y   c e n t e r e d  a t  E{VI ,  b u t  
w i t h  a t r u n c a t e d  t a i l  s o  t h a t  t h e  d e n s i t y  i s  z e r o   f o r   n e g a t i v e  
v a l u e s  o f  V .  For  l a r g e   v a l u e s   o f   r e l a t i v e   s t a n d a r d   d e v i a t i o n ,  
p (V;y ,X)   can  take on a c o n s i d e r a b l e   r a n g e  o f  s h a p e s ,  as an 
e x a m i n a t i o n   o f  E q .  ( 6 . 7 2 )  w i l l  i n d i c a t e .   F u r t h e r m o r e ,  i t  i s  of  
some i n t e r e s t   t o   n o t e  t h a t ,  i f  af were t o  be e x a c t l y   n o r m a l l y  
d i s t r i b u t e d  w i t h  z e r o  mean v a l u e   ( w h i c h  w e  h a v e   r u l e d  out by 
h y p o t h e s i s ) ,   t h e n  t h e  p r o b a b i l i t y   d e n s i t y  o f  u $  would be e x a c t l y  
d e s c r i b e d   b y  E q .  ( 6 . 7 2 )  w i t h  y = 1/2. 

From the  above  comments,  w e  might  e x p e c t  E q .  ( 6 . 7 2 )   t o  
p r o v i d e  a r e a s o n a b l e   a p p r o x i m a t i o n   t o  t h e  p r o b a b i l i t y   d e n s i t y  of 
V = a$ i f  t h e  m e a n   a n d   v a r i a n c e   o f  t h e  d e n s i t y  a r e  c h o s e n   t o  
take on t h e  mean  and   var iance  of  t h e  v a r i a t e  V = u t ,  a d e c i s i o n  
which w o u l d   r e q u i r e  t h a t  y and X be  c h o s e n  b y  E q s .  ( 6 . 7 5 )   a n d  
( 6 . 7 6 ) .  Thus ,   computa t ion   of   on ly   two  moments  MA;) and M 2 

by E q .  ( 6 . 7 1 )   s h o u l d   p r o v i d e  a r e a s o n a b l e  f i r s t  e s t i m a t e   o f  t h e  
p r o b a b i l i t y   d e n s i t y   f u n c t i o n  o f  0:. 

( 2 )  
f u f  

Let  u s  now c o n s i d e r  t h e  e x t e n s i o n  o f  t h e  Gram-Char l ie r  
ser ies  t o  t h e  base d e n s i t y   f u n c t i o n   g i v e n  b y  E q .   ( 6 . 7 2 ) .  T h i s  
e x t e n s i o n  i s  p r o v i d e d   o n   p p .  2 7 2 ,  273 ,   and   276   of  Ref. 16, where 
i n  E q .  (118)  o f  Ref. 1 6 ,  we must set  A = X / r ( y ) ,  s i n c e  t h e  
p r o b a b i l i t y   d e n s i t y   p ( V ; y , X )   m u s t   h a v e   u n i t  area.  It f o l l o w s  
f rom E q s .  ( 9 7 ) ,  (114), and  (118) o f  Ref. 1 6  t h a t  o u r   g e n e r a l i z e d  
f o r m   o f  t h e  p r o b a b i l i t y   d e n s i t y  o f  V = u f  c a n  be w r i t t e n  as 
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where 

are  p r o p o r t i o n a l   t o  the  g e n e r a l i z e d   L a g u e r r e   p o l y n o m i a l s ,  where 
,F,(-n;y;AV) i s  t h e  c o n f l u e n t   h y p e r g e o m e t r i c   f u n c t i o n ,   a n d  where, 
i n  Eq.  ( 6 . 7 8 b ) ,  w e  have u s e d  the n o t a t i o n  

The e x p a n s i o n   c o e f f i c i e n t s  bA i n  Eq.  ( 6 . 7 7 )  are re la ted  t o  those  
i n  E q .  ( 9 7 )   o f  R e f .  1 6  by 

( 6 . 8 0 )  

as may be s e e n  by e x a m i n a t i o n   o f  E q s .  ( 9 7 ) ,  ( 1 1 4 ) ,  ( 1 1 8 ) ,   a n d  
(122) o f  Ref. 1 6 ,  and  by r e c o g n i t i o n   o f  t h e  f a c t  t h a t ,  i n  t h e  
p r e s e n t   a p p l i c a t i o n ,  w e  must  have M 1. C o n s e q u e n t l y ,  b y  
s u b s t i t u t i o n   o f  E q s .  ( 9 4 b )   a n d   ( 1 1 7 )   o f  Ref. 1 6   i n t o  Eq.  ( 6 . 8 0 )  
above ,  w e  f i n d  for o u r   e x p a n s i o n   c o e f f i c i e n t s  b:, 

where, f rom Eq .  ( 1 1 6 )   o f  Ref. 1 6 ,  w e  h a v e  

( 6 . 8 1 )  

( 6 . 8 2 )  

which  are  t h e  c o e f f i c i e n t s   o f  t h e  p o l y n o m i a l s   d e f i n e d  by Eq.  
( 6 . 7 8 b )   a b o v e .   I n  E q s .  ( 6 . 8 1 )   a n d  (6.82),  we h a v e   u s e d   a g a i n  
t h e  n o t a t i o n  o f  Eq .  ( 6 . 7 9 ) .  



E q u a t i o n s  ( 6 .  7 7 1 ,  ( 6 .  7 8 1 ,  ( 6 . 8 1 ) ,  and ( 6 . 8 2 )  c o l l e c t i v e l y  
d e s c r i b e   t h e   d e s i r e d   a p p r o x i m a t i o n   t o   t h e   p r o b a b i z i t y   d e n s i t y  
f u n c t i o n   o f  a',. w h e r e   t h e   t w o   p a r a m e t e r s  y and X a r e   t o   b e  
e v a Z u a t e d   b y  $ qs .  ( 6 . 7 5 )  and ( 6 . 7 6 )  f r o m   t h e  f i r s t  two  moments 
of V = '. T h e   s e r i e ' s  i n  Eq. ( 6 . 7 7 1 ,  c a n   b e   t r u n c a t e d   a t   a n y  
v a z u e  07 t h e   i n d e x  N. A c c o r d i n g  to E q .   ( 6 . 8 1 1 ,   f o r   a n y   i n t e g e r  
v a l u e   o f  N - 2 ,  we c a n   e v a l u a t e   t h e   e x p a n s i o n   c o e f f i c i e n t s  b; 
in Eq. ( 6 . ' 7 7 )  f r o m   t h e   s e q u e n c e  of N moments MLJ), MLg), '. .. , 

( f )  t h a t  a.rc t o  b e   d e t e r m i n e d   b y  Eq.. ( 6 . 7 2 ) .  Moreover,   Eq.  
f f 

( 6 . . 7 7 )  h a s   t h e   p r o p e r t y   t h a t  we may a d d   a d d i t i o n a z   t e r m s   w i t h . o u t  
c h a n g i n g   t h e  vnZues o f   t h e   c o e f f i c i e n E s   o f   t h e   t e r m s   p r e v i o u s l y  
d e t e r m i n e d .  I t  h a s   b e e n   s h o w n   i n   R e f .  16  t h a t ,   f o r   a n y   v a l u e  of 
N 2 2 ,  the   moments  . ( I ) ,  M , . . ., M o f   t h e   a p p r o x i m a t i o n  

2 ( V )  g i v e n   b y   t h e   r i g h t - h a n d   s i d e  of E q .  ( 6 . 7 7 )  a r e   s e t   e q u a l  
t o   t h e  moments MLJ), MLg), ..., M o f  '4), w h e n   t h e   e x p a n s i o n  co- 

e f f i c i e n t s   a r e   d e t e r m i n e d  by Eq. ( 6 . 8 1 )  and  when y and X a r e  
d e t e r m i n e d   b y   E q s .  ( 6 .  75) and ( 6 .  7 6 ) .  

( 2 )  

f" f 
f f 

For v a l u e s   o f  V large r e l a t i v e   t o  t h e  mean ECV] = y/X, t h e  
t a i l  i n  t h e  a p p r o x i m a t i o n   t o  p a 2 ( V )  g i v e n   b y  E q .  ( 6 . 7 7 )  can   go  
n e g a t i v e   f o r  N > 2 .  Some judgment  w i l l  h a v e   t o  be u s e d   i n  
c h o o s i n g  a v a l u e  of N t o   p r e v e n t  t h i s  o c c u r r e n c e   a n d   p o s s i b l y  
o t h e r   u n d e s i r a b l e   b e h a v i o r   o f  t h e  ser ies  of Eq.  ( 6 . 7 7 ) .  It i s  
u n l i k e l y  t h a t  much a c c u r a c y   o f   a n y   u t i l i t y  w i l l  be g a i n e d  by 
u s i n g   v a l u e s  o f  N l a rger  t h a n  4 ( t w o   c o r r e c t i o n  terms i n  t h e  
r i g h t - h a n d  s ide  o f  Eq. 6 . 7 7 1 ,  a n d ,   f o r  p r a c t i c a l  p u r p o s e s ,  t h e  
approx ima t ion   g iven   by   Eq .  ( 6 . 7 2 )  ( n o   c o r r e c t i o n  terms i n  t h e  
r i g h t - h a n d  s i d e  o f  Eq.  ( 6 . 7 7 )  w i l l  p r o b a b l y  be a d e q u a t e   i n   m o s t  
c a s e s .  

f 

E s t i m a t i o n  o f  Moments  and P r o b a b i l i t y   D e n s i t y  o f  w s ( t )  

Moments o f  w s .  To f o r m   o u r  estimate o f  t h e  p r o b a b i l i t y  
d e n s i t y   p w s ( w s )   o f  w s ( t ) ,  we s h a l l  u s e  t h e  moments o f  w s ( t )  t o  
g e n e r a t e  t h e  c o e f f i c i e n t s  o f  a Gram-Charlier e x p a n s i o n  of pws(ws) .  
Moments w i l l  be  u s e d  here b e c a u s e  t h e  moments of w s ( t )  are 
p a r t i c u l a r l y   e a s y   t o   c o m p u t e   f r o m  t h e  moments of  w h ( t )  and w ( t > .  
For  t h e   p r e s e n t   a p p l i c a t i o n ,  w e  s h a l l  r e q u i r e  t h e  moments of 
w h ( t ) ,  r a t h e r  t h a n  t h e  moments o f  i t s  s q u a r e  w$ , ( t> .  
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A c c o r d i n g   t o  t h e  t u r b u l e n c e   m o d e l   o f  Eq. ( 2 . 3 ) ,  the t u r -  
b u l e n c e   r e c o r d  w ( t )  i s  t h e  sum o f  the "slow"  and "fast" p r o -  
c e s s e s  w s ( t )  and  w f ( t ) ;  i . e . ,  

w ( t )  = w s ( t )  + W f ( t )  . 
The moments 

M ( n )  = E[wn], n = 1 , 2 , 3 , , , ,  
W 

o f  t h e  r e c o r d  w ( t )  c a n  be c o m p u t e d   d i r e c t l y .  
for now, that  we h a v e   a v a i l a b l e  t he  moments 

( 6 . 8 4 )  

L e t  u s   a s sume ,  

c a n  be c o m p u t e d   s e q u e n t i a l l y   f r o m  the  s e q u e n c e s  MP', and Mwf , 
n = 1 , 2 , 3 , , , .  by t h e  r e l a t i o n s h i p  

( d  

where 

( 6 . 8 8 )  

are  t h e  areas unde r  the  p r o b a b i l i t y   d e n s i t y   f u n c t i o n s   o f  w f ( t )  
and w s ( t )  and  where (E) are t h e  b i n o m i a l   c o e f f i c i e n t s   d e f i n e d  by 
Eq .  ( 6 . 5 3 ) .  The f i rs t  f o u r  o f  the  s e q u e n c e   o f  t he  r e l a t i o n s h i p s  
of Eq .  ( 6 . 8 7 )  are 



N o t i c e   f r o m  E q s .  ( 6 . 8 7 )  a n d   ( 6 . 8 9 )  t h a t  t o  compute t h e  moments 
t h r o u g h   o r d e r  N o f  w s ( t ) ,  o n l y  t h e  moment s   t h rough   o rde r  N o f  
w (  t ) and w f ( t  ) are  r e q u i r e d .  

The  moments M , n = 1 , 2 , 3 ,  ... of t h e  component w f ( t )  a r e  
t o  be  computed  f rom t h e  h i g h - p a s s  f i l t e r e d  v e r s i o n  w h ( t )  o f  t h e  
t u r b u l e n c e   r e c o r d  w ( t  ) ,  where t h i s  h igh-pass  f i l t e r e d  waveform 
w h ( t )  was d i s c u s s e d  e a r l i e r  i n   c o n n e c t i o n  w i t h  E q .  ( 6 . 1 3 ) .  I t  
i s  shown i n   A p p e n d i x  G t h a t  t h e  moments M ( n ) ,  n = 1 , 2 , 3 , .  .. c a n  

be computed from t h e  moments Mhn), n = 1 , 2 , 3 , .  . . of t h e  r e c o r d  
w h ( t )  by 

( n )  
W f  

Wf 

h 

where t h e  moments M Wh ( n )  a r e ,  o f  c o u r s e ,   d e f i n e d  b y  t h e  r e l a t i o n s h i p  

The p o s i t i v e   c o n s t a n t  K i n  E q .  ( 6 . 9 0 )  i s  shown i n   A p p e n d i x  G t o  
be g i v e n  by 

K =  

9 4  



where Sz ( f )  i s  t h e  p o w e r   s p e c t r a l   d e n s i t y  of  the  component z ( t )  
i n  t h e  model o f  Eq .  ( 2 . 3 )  and where H h ( f )  i s  t h e  high-pass 
f i l t e r  c o m p l e x   f r e q u e n c y - r e s p o n s e   f u n c t i o n .  As w e  d e s c r i b e d  
i n   S e c .   6 . 1 ,  w e  sha l l  g e n e r a l l y  want t o  assume tha t  S z ( f )  i s  
t h e  a p p r o p r i a t e   v o n  Karman s p e c t r a l   f o r m .   M o r e o v e r ,   s i n c e  
E[z2 ]  = 1 [ a c c o r d i n g   t o  Eq.  ( 2 . 3 ) ] ,  t h e  n u m e r a t o r   i n  t h e  r i g h t -  
hand side o f  Eq.  ( 6 . 9 2 )  w i l l  be u n i t y .  

Once t h e  i n t e g r a l   s c a l e   o f   z ( t )  has b e e n   d e t e r m i n e d   a n d  the 
h i g h - p a s s  f i l t e r  has b e e n   c h o s e n ,  t h e  c o n s t a n t  K c a n  be computed.  
F u r t h e r m o r e ,   f r o m  a t u r b u l e n c e   r e c o r d  w ( t ) ,  w e  may g e n e r a t e  t h e  
moments MF), a n d  t h e  h i g h - p a s s  f i l t e r e d  r e c o r d  w h ( t ) ,  f rom 
which  we may compute i t s  moments Mwh ( n )  . From these moments  and 
t h e  c o n s t a n t  K ,  w e  c a n   u s e  Eq. ( 6 . 9 0 )   t o   c o m p u t e  t h e  moments 
MWf ( n )  , which w e  may then   combine  w i t h  t h e  moments MP), u s i n g  
E q s .  ( 6 . 8 7 )  o r  ( 6 . 8 9 ) ,   t o   c o m p u t e  t h e  moments Ms ( n )  . 

P r o b a b i l i t y   d e n s i t y   f u n c t i o n   o f  u s .  To g e n e r a t e   a n  estimate 
of  t h e  p r o b a b i l i t y  d e n s i t y  o f  w s ( t )  u s i n g  the Gram-Charlier 
e x p a n s i o n ,  we must   use t h e  c e n t r a l   m o m e n t s  o f  w s ( t ) .  If w ( t )  
has z e r o  mean v a l u e ,   t h e n  i t  i s  e v i d e n t   f r o m  the  f i rs t  o f  t h e  
f o u r   e q u a t i o n s   i n   ( 6 . 8 9 )  tha t  we s h o u l d   h a v e  Mw = 0 ;  i . e . ,  
when Mw = 0 ,  the  moments Mw , n = 1,2,3,. .., are t h e  c e n t r a l  
moments. We s h a l l   a s s u m e  t h a t  Mi1)  E 0 i n  t h e  f o l l o w i n g  d i s -  
c u s s i o n .  

( n )  S 

S S 

S 

It i s  shown on pp .  270-272 of  Ref. 1 4  t h a t  t h e  Gram-Charlier 
e x p a n s i o n  of 
be expressed 

a p r o b a b i l i t y  d e n s i t y   f u n c t i o n ,  s a y ,  p w S ( w s ) ,  may 
as 

where, here ,  

a n d   w h e r e   o n l y   t w o   c o r r e c t i o n  terms h a v e   b e e n   r e t a i n e d ,  t h e  first 
b e i n g   a n  odd f u n c t i o n   o f  ws and t he  s e c o n d  being a n   e v e n   f u n c t i o n  



o f  ws. These   two   co r rec t i , on  .terms are  a d e q u a t e   t o   d e t e r m i n e ,  
how ' c l o s e l y '  pw,(wb) c o n f o r m s   t o  a' G a u s s i a n   p r o b a b i l i t y   d e n s i t y  
f u n c t i o n .  It may be s h o w n ' t h a t  t h e  r e s u l t s   p r o v i d e d  on  pp.  
277-278 o f  Ref. 16 a l s o  lead t o  the r e s u l t   g i v e n  by Eq.  ( 6 . 9 3 ) .  
TO e v a l u a t e  t h e  p a r a m e t e r s  i n  Eq.  ( 6 . 9 3 ) ,  o n e   r e q u i r e s  u = [M, (211% 3 d:',' and Mi4). :A These q u a n t i t i e s  are t o  be, e v a l u a t e d   u s i n g  
Eq.  ( 6 . 8 9 ) .  

. .  S 
S 
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A P P E N D I X  A 
D E R I V A T I O N   O F   R E Q U I R E M E N T   F O R   N E G L I G I B L Y   S M A L L   C O R R E L A T I O N  

C O E F F I C I E N T   B E T W E E N  A N O N S T A T I O N A R Y   P R O C E S S   A N D   I T S   D E R I V A T I V E  
I . . I  

C o n s i d e r   a n   a r b i t r a r y   f u n c t i o n   y ( t )   a n d  i t s  d e r i v a t i v e   y ' ( t ) .  
I n t e g r a t i n g  t h e  p r o d u c t  of y and   y '   by  parts,  w e  f i n d  

hence ,  w e  h a v e ,   e x a c t l y ,  

L e t  u s  now assume t h a t  { y ( t ) )  i s  a g e n e r a l l y   n o n s t a t i o n a r y   s t o -  
c h a s t i c   p r o c e s s .   T a k i n g  t h e  e x p e c t e d   v a l u e   o f  Eq. ( A . 2 )  a n d   t h e n  
i n t e r c h a n g i n g  t h e  o r d e r  o f  e x p e c t a t i o n   a n d   i n t e g r a t i o n   o p e r a t i o n s  
on t h e  l e f t - h a n d  s ide g i v e s  

If w e  now take t h e  limit A t  * 0 i n  Eq.  ( A . 3 ) ,  w e  have ,   a s suming  
tha t  E{y(S)  ~ ' ( 5 ) )  i s  c o n t i n u o u s ,  

w h i c h   h o l d s   f o r   n o n s t a t i o n a r y   a n d   s t a t i o n a r y   p r o c e s s e s .   F o r  
w i d e - s e n s e   s t a t i o n a r y   p r o c e s s e s ,  t h e  r i g h t - h a n d  side of Eq. ( A . 4 )  
i s  z e r o ;   h e n c e ,   f o r   w i d e - s e n s e   s t a t i o n a r y   p r o c e s s e s ,   E q .  ( A . 4 )  
r e d u c e s   t o  the u s u a l   r e s u l t   E { y ( t )   y ' ( t ) )  = 0. 



E ( y ( t ) )  = 0 , for a l l  t , (A.5) 

we may e x p r e s s  t h e  c o r r e l a t i o n   c o e f f i c i e n t  o f  y ( t )  a n d   y p ( t )  as 

which  i s  a c o m p l e t e l y   g e n e r a l   r e s u l t   f o r   n o n s t a t i o n a r y   p r o c e s s e s .  

A t  t h i s  j u n c t u r e ,  we s h a l l  assume t h a t  t h e  l o c a l l y   s t a t i o n a r y  
c o n d i t i o n s  of Eqs. ( 3 . 4 1 ) ,  (3 .431 ,  and  ( 3 . 4 6 )  are s a t i s f i e d ;  
h e n c e ,  t h e  r e s p o n s e - p r o c e s s   c o n d i t i o n a l   i n s t a n t a n e o u s   s p e c t r u m  
i s  wel l  a p p r o x i m a t e d  b y  E q .  ( 3 . 4 0 ) .  When these  c o n d i t i o n s  are  
met, we s h a l l  show t h a t  t h e  r i g h t - h a n d  s ide  or Jiq. (A.6)  i s  
n e g l i g i b l y  small i n   c o m p a r i s o n  w i t h  u n i t y .   I n   c a r r y i n g   o u t  t h e  
h e u r i s t i c   p r o o f   t o   f o l l o w ,  we sha l l  f u r t h e r   a s s u m e  t h a t  t h e  
"slow" c o m p o n e n t   o f   e x c i t a t i o n  ws(t)  i n  E q .  ( 2 . 3 )  i s  z e r o ,   w h i c h  
i m p l i e s  t h a t  Q W s ( f )  i n  E q .  ( 3 . 4 0 )  i s  zero .   Removal  o f  t h i s  
s t a t i o n a r y   c o m p o n e n t  of  t h e  r e s p o n s e   p r o c e s s  has t h e  e f f e c t   o f  
i n c r e a s i n g  t h e  m a g n i t u d e   o f  t h e  r i g h t - h a n d  s ide  o f  E q .  ( A . 6 1 ,  
which  i s  z e r o  for s t a t i o n a r y   p r o c e s s e s ;   h e n c e ,  t h e  a s s u m p t i o n  
t h a t  Q w s ( f )  i s  z e r o  i s  c o n s e r v a t i v e .  

I n t e g r a t i n g  E q .  ( 3 . 4 0 )   o v e r  -a < f < a n d   u s i n g  a funda-  
m e n t a l   p r o p e r t y   o f  t h e  i n s t a n t a n e o u s   s p e c t r u m  - e . g . ,  Eq. (12a) 
o f  Ref. 7 or E q .  (2 .4a )  o f  Ref. 6 - we have  
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where w e  have  s e t  a W s ( f )   e q u a l   t o   z e r o   i n  Eq. (3 .40 )  b e f o r e  
c a r r y i n g   o u t  t he  a b o v e   i n t e g r a t i o n ,   a n d  where @iZ i s  the  mean- 
s q u a r e   a i r c r a f t   r e s p o n s e   t o  t h e  s t a t i o n a r y   c o m p o n e n t  z ( t )  o f  
t h e  ' lfast" t u r b u l e n c e   c o m p o n e n t  ' a f l t )  z ( t )   i n  Eq. ( 2 . 3 ) ;  i . e . ,  

E q u a t i o n  ( A . 7 )  i s  t h e  d e s i r e d   e x p r e s s i o n   f o r   o $ ( t )   f o r  use 
i n  Eq. ( A . 6 ) .  L e t  u s  now o b t a i n   a n   e x p r e s s i o n   f o r  a2t(t). The 
l o c a l l y   s t a t i o n a r y   r e s p o n s e   a p p r o x i m a t i o n   o f  Eq. (3.%0) i m p l i e s  
that  w e  may wr i te  t h e  r e s p o n s e   p r o c e s s  as 

where y z ( t )  i s  t h e  a i r c r a f t   r e s p o n s e   t o  t h e  component z ( t )   o f  
E q .  (2.3). D i f f e r e n t i a t i n g  Eq .  ( A . 9 )  g i v e s  

h e n c e ,  

( A . l O )  

( A .  11) 

where t h e  middle  term i n  t h e  s e c o n d   l i n e   o f  t h e  a b o v e   e q u a t i o n  
i s  z e r o   b e c a u s e   E { y & y Z )  = 0 ,  wh ich   fo l lows   f rom t h e  f a c t  t h a t  
t he  p r o c e s s  ( y , ( t ) )  i s  s t a t i o n a r y .  Now, f o r   l o c a l l y   s t a t i o n a r y  
p r o c e s s e s  t h a t  s a t i s f y  Eq.  ( 3 . 4 0 ) ,  w e  wou ld   expec t  t h e  second  
term i n  E q .  (A.11) t o  be small i n   c o m p a r i s o n  w i t h  t h e  f i r s t  
term. N e g l e c t i n g  t h e  second  term y i e l d s  t h e  l o c a l l y   s t a t i o n a r y  
a p p r o x i m a t i o n   t o  u 2  ( t )  - i . e . ,  

Y '  

u2 (t) :: a;, 
Y '  3 

z 
( A . 1 2 )  



hence ,   f rom E q s .  (A.7)  and ( A . 1 2 ) ,  w e  have 

which i s  independen t  of t ime.  Moreover, we n o t e  tha t  the  approx i -  
ma t ion   g iven  by t h e  r i g h t - h a n d  s ide  o f  Eq .  ( A . 1 2 )  i s  always less 
t h a n  t h e  r i g h t - h a n d  s ide  o f  Eq.  ( A . 1 1 ) ;  hence ,  t h e  approx ima t ion  
o f  E q .  (A .12)  has t h e  e f f e c t  o f  i n c r e a s i n g  t h e  s i z e   o f  t h e  r i g h t -  
hand s ide o f  E q .  (A .6 ) ;  i . e . ,  i n s o f a r  as t h e  p r e s e n t   d i s c u s s i o n  
i s  concerned ,  t h e  a p p r o x i m a t i o n   o f  E q .  ( A . 1 2 )  i s  c o n s e r v a t i v e .  
We may summarize t hese  r e s u l t s  as 

( A . 1 4 )  

where t h e  approx ima t ion  o f  E q .  ( A . 1 4 )  i s  va l id   wheneve r  Eq. 
(A.13)  i s  v a l i d ,  which r e q u i r e s  t ha t  t h e  r e s p o n s e   t o  t h e  "slow" 
component o f  t u r b u l e n c e  w s ( t )  be n e g l i g i b l e   i n   c o m p a r i s o n  w i t h  
t h e  r e s p o n s e  t o  t h e  " f a s t "  component a f ( t )  z ( t ) ,  a n d   f u r t h e r -  
more tha t  E q .  ( 3 . 4 0 )  b e  s a t i s f i ed .  

L e t  u s  now c o n s i d e r  t h e  r a t i o  ayz/oy;. It i s  well known - 
e . g . ,  Ref. 11, p p .  190-192 o f  t h e  Wax e d i t i o n  o r  Ref. 12, p .  48 - 
t ha t  u /a can  be e x p r e s s e d   i n  terms o f  the a u t o c o r r e l a t i o n  
f u n c t i o n  QYz(+r)  o f  y , ( t )  by 

yz y; 

The r igh t -hand  s ide  of Eq. (A.15) has a simple i n t e r p r e t a t i o n  
t h a t  i s  ana logous  t o  t h e  d e f i n i t i o n   o f  t h e  T a y l o r   m i c r o s c a l e ;  
e . g . ,  Ref. 1 9 ,  p .  4 2 .  L e t  u s  approximate  4 y z ( - r )  b y  t h e  para- 
b o l a  4 y z ( ~ ) p :  

J Z  
(A.16)  
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It f o l l o w s   d i r e c t l y  that  t h e  p a r a b o l i c   a p p r o x i m a t i o n   t o   $ y z ( ~ )  
g i v e n  by Eq.  (A .16 )  becomes  zero a t  T = 2 ~ ~ .  However, d i f -  
f e r e n t i a t i n g  Eq. (A .16)  twice,  w e  f i n d  

Hence, w e  have 

(~.18) 

t h a t  i s ,  when a p a r a b o l i c   a p p r o x i m a t i o n   t o   $ y z ( ~ )  i s  u s e d ,  t h e  
r i g h t - h a n d  s ide  o f  E q .  ( A . 1 5 )  i s  s l i g h t l y  less t h a n  the  time 
d e l a y   a s s o c i a t e d  w i t h  t h e  zero c r o s s i n g   o f   $ y z ( ~ ) p .   I n  t h e  t u r -  
b u l e n c e   a p p l i c a t i o n ,  T~ i s  t h e  a n a l o g   o f   t h e   T a y l o r   m i c r o s c a l e .  

Equa t ion  ( A . 1 5 )  has a n o t h e r   i n t e r p r e t a t i o n .  It f o l l o w s  
d i r e c t l y   f r o m  pp.  192-193  of t h e  Wax e d i t i o n  o f  Ref. 11 or from 
Eq. ( 1 . 6 5 )  o f  R e f .  1 2  t ha t  (ayz/a t )  i s  e q u a l   t o   IT) times t h e  
e x p e c t e d  time b e t w e e n   z e r o   c r o s s i n g s   o f  t h e  G a u s s i a n   p r o c e s s  
{ y z ( t ) ) .  Now, we g e n e r a l l y  would  expect T,, t o  be  about   one-ha l f  
o f  t h e  n o m i n a l   " c o r r e l a t i o n  time" o f  t h e  p r o c e s s .  C o n s e q u e n t l y ,  
we may conc lude  from b o t h  o f  t h e   a b o v e   i n t e r p r e t a t i o n s   t h a t  
( a y z / u y ~ l  t y p i c a l l y  i s  of t h e   o r d e r  o f  o n e - t h i r d  o f  t h e   n o m i n a l  
" c o r r e l a t i o n   i n t e r v a l "  of -rCOr o f  t h e   p r o c e s s  y z f t ) .  

yz 

z 

Using  t h e  a b o v e   i n t e r p r e t a t i o n  o f  oy,/oy;, w e  may now i n t e r -  
p r e t  t h e  r i g h t - h a n d  s ide of  E q .  ( A . 1 4 ) .  L e t t i n g  t h e  symbol - 
d e n o t e  " is  o f  t h e  o r d e r   o f , "  w e  have 

i . e . ,  , ( t )  is of t h e   o r d e r  o f  o n e - s i x t h  of t h e   f r a c t i o n a l  
change of u y ( t )  t h a t   o c c u r s   i n   o n e   n o m i n a l   c o r r e l a t i o n   i n t e r v a l  
of t h e   p r o c e s s  y z ( t ) .  I n  t h e  p r e s e n t   a p p l i c a t i o n ,  t h e  f r a c t i o n a l  
change i n  o $ ( t )  i s  a p p r o x i m a t e l y   e q u a l   t o  t h e  f r a c t i o n a l   c h a n g e  

p Y , Y  
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i n   a f ( t )  - see E q .  ( A . 7 )  a n d  r e c a l l  tha t  i s  a c o n s t a n t .  
Hence, w e  conc lude  t ha t  when t h e  f r a c t i o n a l   c h a n g e   i n  a:(t) i s  
n e g l i g i b l e   o v e r  t h e  n o m i n a l   c o r r e l a t i o n   i n t e r v a l   o f  t h e  re-  
s p o n s e   p r o c e s s ,  w e  have  p , , ~ ( t )  = 0.  F i n a l l y ,  we n o t e   t h a t  
t h e  r e q u i r e m e n t  tha t  t h e  h a c t i o n a l   b h a n g e   i n  a f ( t )  o v e r  t he  
c o r r e l a t i o n   i n t e r v a l   o f  t he  r e s p o n s e   p r o c e s s  be n e g l i g i b l e  i s  
e s s e n t i a l l y   e q u i v a l e n t   t o  t h e  r e q u i r e m e n t  f o r  t h e   v a l i d i t y  of 
t h e  q u a s i - s t a t i o n a r y   a p p r o x i m a t i o n  o f  Eq. ( 3 . 4 0 ) ,  as i s  e v i d e n t  
from t h e  d i s c u s s i o n   i n   S e c .  5 of t h i s   r e p o r t .  Thus ,  whenever 
t h e  approx imat ion  of E q .  ( 3 . 4 0 )  is v a l i d ,  i t  is p e r m i s s i b l e   t o  
assume t h a t   t h e   c o r r e Z a t i o n   c o e f f i c i e n t   b e t w e e n  y ( t )  [ o f  and i t s  
f i r s t   d e r i v a t i v e  is negZig ibZy  smaZZ. 

2 
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A P P E N D I X  B 
D E R I V A T I O N  OF C O R R E C T I O N   T E R M   T O   G A U S S I A N   A P P R O X I M A T I O N  

OF E X C E E D A N C E   P L O T S  

To d e v e l o p   a n   e x p r e s s i o n   f o r  t h e  c o r r e c t i o n  term Q(2)(y la:) 
i n  Eq. (4.36), we r e q u i r e ,   a c c o r d i n g   t o   E q s .  (4.33) and (4.34), 
a n   e x p r e s s i o n   f o r  t h e  s e c o n d   d e r i v a t i v e  w i t h  r e s p e c t  to u 2  of 
N (y  u t ) .  See  E . (4 .26 ) .  Accord ing   t o   Eqs .  (4.12),  (4.f4), 
aAd [4.15), N+(yqu;) c a n  b e  e x p r e s s e d  as 

where, a c c o r d i n g   t o  E q s .  (4.16) and (4.19), we have 

and 

2 2 
0. = u *  2 2  

Y Y S  + “f , 

and where t h e  e x p l i c i t   d e p e n d e n c e   o f  u 2  and u -  on a% has been 
de le ted  i n  t h e  n o t a t i o n  of E q .  (B.l) and i n  t he  l e f t - h a n d  s ides  
o f  E q s .  (B.2) and ( B . 3 ) .  

2 

Y Y 

Forming t h e  f i r s t  d e r i v a t i v e   o f  N+(ylut) w i t h  r e s p e c t   t o  
u:, w e  h a v e ,   u s i n g  E q .  (B.l) and  t h e  n o t a t i o n  of Eq. (4.26), 

C a r r y i n g   o u t  t h e  d i f f e r e n t i a t i o n  y i e l d s  



+ 

where w e  have  used t h e  d e f i n i t i o n  of Eq .  ( B . 1 ) .  But  from E q s .  
(B.2)   and ( B . 3 ) ,  we have 

hence ,  Eq .  (B.4) can  b e  e x p r e s s e d  as 
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D i f f e r e n t i a t i n g  Eq. ( B . 6 )  w i t h  r e s p e c t   t o  a: y i e l d s  

\ 
1 

+ 6  

S u b s t i t u t i n g  Eqs. (B.5a ,b)  i n t o  Eq. ( B . 7 ) ,  a n d   s i m p l i f y i n g  t h e  
r e s u l t i n g   e x p r e s s i o n   g i v e s ,   f i n a l l y ,  

When 021a: and a ?  la: are  w r i t t e n   f o r  a 2  and a: i n  Eq. ( B . 8 ) ,  
and t h e  r e s u l t  i s  combined w i t h  Eq. (4.33), we o b t a i n  t h e  
d e f i n i t i o n   o f  &(*)(ylo:) g iven   by  Eq- ( 4 . 3 4 ) .  

Y Y Y 



APPENDIX C 
DERIVATION OF' CORRECTION.  TERM TO GAUSSIAN  APPROXIMATION OF 

PROBABILITY  DENSITY  FUNCTION ' .  ' 

Accordin t o  Eqs .  (4.49) through (4.511, the second  deriva- 
t i v e   o f   p ( y l a f )  w i th  r e s p e c t   . t o  (32 i s  r e q u i r e d   t o   d e r i v e   a n  
e x p r e s s i o n   f o r  t he  c o r r e c t i o n  term U(2)(ylo:) to the  Gaussian 
p r o b g b i l i t y  d e n s i t y  p (y la f ) .   Suppres s ing  t h e  dependence  of a$ 
o n - a f ,  as given by Eq. (l3.11, we have from Eq. ( 4 . 4 )  f o r  ~ ( y l o i ) ,  

Q 

7 

From t h e  f a c t  t h a t  (da$/da$) = a i z  [see  Eq. (B.5a)],  i t  fo l lows  
from2Eq. ( C . 1 )  t h a t  t h e  f i r s t  d e r i v a t i v e  o f  p ( y l a F )  w i t h  r e spec t  
t o  "f i s  

D i f f e r e n t i a t i n g  Eq. ( C . 2 )  wi th  r e spec t  to of,  and  a'gain  using 
Eq. (B.5a), we have 

2 
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(We semind the  reader that  w e  have  used the n o t a t i o n  0% f o r  
U$lof.) By combining Eqs. (4 .49 )  and (C.31, we o b t a i n  the 
d e f i n i t i o n  of U(2)(yla;) given by Eq. ( 4 . 5 0 ) .  



A P P E N D I X  D 
D E R I V A T I O N  O F  E X P R E S S I O N  F O R  C O E F F I C I E N T  O F  

E X C E S S  OF R E S P O N S E  P R O C E S S  

To show tha t  t h e  c o e f f i c i e n t   o f   e x c e s s  yy ( * )  o f  the r e s p o n s e  
p r o c e s s  y ( t )  i s  g i v e n  by E q .  ( 4 . 5 4 1 ,  w e  f i r s t  n o t e  t ha t  t h e  mean- 
s q u a r e   r e s p o n s e  E{y2) i s  ob ta ined   f rom E q .  ( 4 . 3 5 a )  by 

The f o u r t h  moment o f  the r e s p o n s e  y ( t )  may be e x p r e s s e d  as 

S u b s t i t u t i n g  Eq.  ( 4 . 6 )  i n t o  E q .  (D.2), t h e n   u s i n g  t h e  e x p r e s s i o n  
f o r  u21uf g i v e n  by E q .  ( 4 . 3 5 a ) ,  a n d   t h e n   s i m p l i f y i n g ,  we have 

Y 

r" 

= 3(UG + 2u2 u2 u;. + u4 a;, . 
S y s  yz Y Z  
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Not ing  that  uy  ( 4 1  is t he  f o u r t h   c e n t r a l  moment 
mean v a l u e ' o f  y i s  z e r o ,  we can  see from Eqs. 
(D.1) t ha t  the c o e f f i c i e n t   o f   e x c e s s  of y may 

o f  y and t h a t  t h e  

(4.521, (D.31, and 
be e x p r e s s e d  by 

a4 
Y 

u4 
Y 

which i s  t h e  e x p r e s s i o n   g i v e n  by Eq. ( 4 . 5 4 1 ,  when i t  i s  r ecogn ized  
that  (a2 lq) = a2. Y Y 



A P P E N D I X  E 
DERIVATION OF EQUATION (5.19) 

To establish  the  validity of Eq. (5.19), we shall first 
show that f o r  ergodic  processes v'(t), we  have 

Let us define 

x(t) 4 v"(t) + [v'(t)]2 . 
Using a well known result , we  have 

- E2(v") - ~E(v")E((v')~) - E2{(V')2) 

However, v(t) is a stationary  process; hence, EIv") = 0. Using 
this result, we may  write Eq. (E.3)  as 

To evaluate  the  last  term  in  the  right-hand  side of E q .  (E.4), 
we shall  assume  that (v'(t)) is an ergodic  process;  hence, we 
have 
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-T/ 2 

where the second line was obtained by integration by parts. It 
follows from Eq. ( E . 5 )  that 

However, for a stationary process v'(t>, the quantities vf(T/2) 
and v9(-T/2) are bounded; hence, the  right-hand  side of 
Eq.  (E.6) vanishes in the limit T-. Consequently, we have 

Therefore, from E q .  (E.41, we have 

which is the result given by E q .  ( E . 1 ) .  

Unfortunately,  the  quantity Var{[vf(t)I2) depends on fourth 
order statistics of the  process  vl(t). These statistics  are 
impossible to evaluate from  the autocorrelation function of 
v(t), unless  it is assumed  that v'(t) is  a  (stationary) Gaussian 
process,  which  necessarily has zero mean value  because  the 
process {v(t)) is, by definition,  stationary. If this Gaussian 
assumption is made, it is known (e.g.,  Ref. 21, p. 9 2 ) -  that 

where the second line is a consequence of Eq. (5.15). Further- 
more, from Eq. (5.16), we have 
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By combining E q s .  ( E . 8 ) ,  ( E . g ) ,  and (E.10), w e  h a v e ,   f i n a l l y ,  
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APPENDIX F 
DERIVATION  OF  RELATIONSHIP  BETWEEN  AUTOCORRELATION  FUNCTION 

OF k STATIONARY  GAUSSIAN  PROCESS  AND  AUTOCORRELATION 
FUNCTION  OF  THE  SQUARE  OF ITS LOGARITHM 

Here, we sha l l  der ive  a n   e x p r e s s i o n  f o r  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n   o f  fin z k ( t ) ;  i . e . ,  

i n  terms o f  t h e  a u t o c o r r e l a t i o n   c o e f f i c i e n t   o f  t h e  s t a t i o n a r y  
G a u s s i a n   p r o c e s s   z , ( t ) ,  where 

E{zh) = 0 9 E{z i )  = 1 ; ( F . 2 a , b )  

i . e . ,  

We sha l l  c a r r y   o u t  t h e  d e r i v a t i o n   u s i n g  t h e  f o r m   o f   P r i c e ' s  
Theorem  given b y  E q s .  ( 20 )   and  ( 2 1 )  o f  Ref. 2 2 .  

L e t  z h ( t )  be a s t a t i o n a r y   G a u s s i a n   p r o c e s s   s a t i s f y i n g  E q s .  
( F . 2 a , b ) ,   a n d  l e t  f [ Z h ]  be an  a r b i t r a r y  zero-memory ( g e n e r a l l y  
n o n l i n e a r )   t r a n s f o r m a t i o n   o f  Z h .  The form  of  t h e  theorem t h a t  
w e  s h a l l  u s e  s ta tes  t h a t  

where t h e  p r i m e s   d e n o t e  t h e  d e r i v a t i v e   o f  f [ Z h ]  w i t h  r e s p e c t   t o  
Z h ,  and where these d e r i v a t i v e s  a re  e v a l u a t e d  a t  times t and 
t + T ,  as i n d i c a t e d .   I n  t h e  l e f t - h a n d  s i d e ,  p d e n o t e s  t h e  co r -  
r e l a t i o n   c o e f f i c i e n t   d e f i n e d  by Eq.  ( F . 3 )  and R d e n o t e s  

Thus,   comparing E q s .  ( F . l )  and ( F . 5 ) ,  i t  i s  e v i d e n t  t h a t  we are 
i n t e r e s t e d   i n  t h e  c a s e  



hence ,  we have 

2 
h 

f ' [ Z h 1  = - 
Z 

S u b s t i t u t i o n   o f  Eq. ( F . 7 )   i n t o  Eq. (F.4) y i e l d s ,  when the ex- 
p r e s s i o n   f o r  t h e  j o i n t   G a u s s i a n   d e n s i t y  i s  w r i t t e n   o u t   a n d  where 
we s u b s t i t u t e  z 1  = z h ( t )   a n d   z 2  = z h ( t + T )  , 

(z;+z;-2pz,z2) 

4 2 ( 1 - P 2 )  d z l d z 2 .  (F.8) 

L e t  u s  d e f i n e  

Z 1  z2 
Y 1  = Y 2  = 

J2 ( 1 - p 2  ) J 2 ( 1 - p 2 )  
( F . g a , b )  

Then, E q .  ( F . 8 )  r e d u c e s   t o  

Using t h e  i n t e g r a l   g i v e n   o n  t h e  bo t tom  o f  p .  207  and the  t o p   o f  
p .  208 o f  t h e  Wax e d i t i o n   o f  Ref. 11, we h a v e ,   f o r m a l l y ,   f o r  n 
and  m b o t h   e q u a l  to -1 and p e q u a l   t o   - c o s $ ,  

where we h a v e   s u b s t i t u t e d  r (1/2)  = fi and p = -cos$   (hence ,  
s i n $  = + J 1 - p 2 )  and where 2F1 (. ) i s  t h e  h y p e r g e o m e t r i c   f u n c t i o n .  
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However, u s i n g  E q s .  (A.1.35)   and  (A.1.39a)   of  R e f .  23 on  PP. 
1076 and 1 0 7 7 ,  w e  have 

= ( 1 - p 2 )  -% a r c s i n p  
P 

( F . 1 2 )  
1 

Thus,  combining E q s .  ( F . l l )  and (F.12,) y i e l d s  

a R  - 4 - - 2 a r c s i n p  . 
ap J1-p2 

To d e t e r m i n e  R ,  we may i n t e g r a t e  E q .  (F.13) w i t h  r e s p e c t   t o  p :  

(F.14) 

where c i s  t h e  c o n s t a n t   o f   i n t e g r a t i o n   a n d  5 i s  a "dummy v a r i a b l e .  " 
Now, when P(T) = 0 ,  z h ( t )   a n d  Z h ( t + T )  are u n c o r r e l a t e d   a c c o r d i n g  
t o  Eq.  ( F . 3 ) .   I n  t h i s  c a s e ,  i t  f o l l o w s  from Eq.  ( F . l )  t h a t  

w h i c h ,   a c c o r d i n g   t o  E q .  ( F . l 4 ) ,  i s  o u r   c o n s t a n t   o f   i n t e g r a t i o n .  
Thus, we have  f rom E q s .  ( F . 1 4 )  and (F.15), 

However, 

- a r c s i n 6  = d 1 
d5 dl-e 

9 



t h e r e f o r e ,  i f  w e  l e t  F ( 5 )  = a r c s i n c ,  t h e  i n t e g r a l   i n  Eq. ( F . 1 6 )  
i s  of  t h e  form 

where t h e  prime d e n o t e s   d i f f e r e n t i a t i o n .  Thus, from  Eq. ( F . 1 8 ) ,  
w e  have  

R ( T )  = 4(E2[!?n z h ]  ? a r c s i n 2  p ( ~ ) )  . 1 ( F . 2 0 )  

We may now d e t e r m i n e   t h e   c o r r e c t   s i g n   i n  Eq. ( F . 2 0 ) .  When p = 0 ,  
a r c s i n  p = 0 .  On t h e  o t h e r   h a n d ,  when p = 1, a r c s i n  p = n / 2 .  
However, p = 1 o c c u r s  when T = 0 ,  and f o r  t h i s  v a l u e   o f  T, R ( T )  
mus t   ach ieve  a maximum. T h i s  i s  p o s s i b l e   o n l y  w i t h  t h e  p l u s  
s i g n   i n  Eq. ( F . 2 0 ) .  Consequent ly ,  t h e  c o r r e c t   s i g n   i n  Eq. ( F . 2 0 )  
y i e l d s  

R(T) = (E[!?n z ~ ] ~ ~  + 2 a r c s i n 2  p ( r )  . ( F . 2 1 )  

The r e s u l t  of E q .  ( F . 2 1 )  can  be  checked as f o l l o w s .  A t  
T = 0 ,  we have p ( ~ )  = 1; hence ,  a r c s i n  p = n/2 a t  t h i s  p o i n t .  
Consequent ly ,  Eq. ( F . 2 1 )  g i v e s ,  f o r  t h i s  v a l u e  o f  T = 0, 

R ( 0 )  = { E [ h  z:])~ + - lT2 
2 ( F . 2 2 )  

But,   from Eq. ( F . l ) ,  w e  have 

By combining Eqs. ( F . 2 2 )  and ( F . 2 3 ) , w e  can  see t ha t  Eq. ( F . 2 1 )  
y i e l d s  t h e  r e s u l t  
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(F .24 )  

that  i s ,  Eq .  ( F . 2 1 )   p r e d i c t s  tha t  t h e  v a r i a n c e   o f  Rn z& i s  e q u a l  
t o  7r2/2. S i n c e  Z A  i s ,  by  assumption,   Gaussian with z e r o  mean 
a n d   u n i t   v a r i a n c e ,  t h e  r e s u l t  of Eq .  (F .24 )  can be checked 
d i r e c t l y .   F o r  t h e  e x p e c t e d   v a l u e   o f  Rn zfi, we have, u s i n g  t h e  
f ac t  t h a t  Rn  z;1 i s  a n   e v e n   f u n c t i o n   o f   z h ,  

- -  z: 
E{Rn z i }  = - t n  z: e 2 dzh 

-co 

W 
Z 2  h 
2 4 

J2 IT 

" 

dzh 
0 

where C i s  E u l e r ' s   c o n s t a n t ,  

L 

To pu t  Eq. ( F . 2 7 )  i n t o  t h e  form o f  a t a b u l a t e d   i n t e g r a l ,  we 
s u b s t i t u t e  5 = z 6 / 2 .  With t h i s  s u b s t i t u t i o n ,  Eq.  ( F . 2 7 )  becomes 



b 

= I, + I, + I ,  , ( F . 2 8 )  

where I,, 1 2 ,  and  I, a re  t h e  th ree  terms t h a t  r e s u l t  from i n t e -  
g r a t i n g  each term w i t h i n  t h e  b r a c k e t s   i n  E q .  ( ~ . 2 8 )  separa te ly  
a n d   t h e n   m u l t i p l y i n g   e a c h  b y  t h e  common f a c t o r  8/Ji;. Us ing ,  f rom 
Ref. 2 4 ,  pp .  307  and  574,   Formulas   3 .321.3,   4 .333,   and  4 .335.2 
t o   e v a l u a t e  I , ,   I , ,  and I , ,  r e s p e c t i v e l y ,  we f i n d  

I, = - 4(Rn n) ( C  + Iln 4 )  = - 2(Rn 2 )  ( C  + Rn 4 )  ( F . 3 0 )  

Combining E q s .  ( ~ . 2 8 )   t h r o u g h   ( F . 3 1 ) ,  we have 

= [ ( a n  2 )  - ( C  + Rn 4 > 1 2  + 7 IT2 
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Fina l ly ,   combin ing  Eqs. (F.32)  and  (F.25) w e  o b t a i n  t h e  desired 
r e s u l t  

which i s  i n   p e r f e c t   a g r e e m e n t  w i t h  t h e  r e s u l t  of. Eq. ' ( F . 2 4 ) .  
T h i s  completes  t h e  check o f  Eq. (F .24 ) .  

which i s  t h e  f i n a l   r e s u l t .   I n s o f a r  as we are aware, the r e s u l t  
o f  Eq.  (F.34)  i s  new. We remind t h e  reader tha t  R ( T )  and P(T) 
are  de f ined  by E q s .  ( F . l )  and  (F.31,  and tha t  ( z h ( t ) )  is  a 
s t a t i o n a r y   G a u s s i a n   p r o c e s s  w i t h  z e r o  mean a n d   u n i t   v a r i a n c e  as 
i n d i c a t e d  by E q s .  (F .2a ,b ) .  



APPENDIX G 
METHOD F O R  ESTIMATION OF EIa;) 

I n  E q .  ( 6 . 1 3 ) ,  a high-pass f i l t e red  v e r s i o n  

o f  t h e  t u r b u l e n c e   r e c o r d  w ( t )  was c o n s i d e r e d ,  where A '  z h ( t )  is 
t h e  f i l t e r e d  v e r s i o n   o f  t h e  o r i g i n a l  component z ( t )   o f  E q .  ( 2 . 3 )  
which s a t i s f i e s  

where Oz(f) , i s  t h e  power s p e c t r a l   d e n s i t y  of the.  component z ( t ) ,  
which s a t i s f i e s ,  a c c o r d i n g   t o  Eq .  ( G . 2 ) ,  

O,( f )d f  = 1 . 
-03 

S o l v i n g  E q .  ( G .  3 )  f o r  EIo:) y i e l d s  

A c c o r d i n g   t o  t h e  d i s c u s s i o n   i n   S e c .  6 .1 ,  Q z ( f )  may be  assumed 
t o  have t h e  a p p r o p r i a t e  von Karman f o r m ;   t h u s ,   b e c a u s e  QT(f) 
i s  c o n s t r a i n e d  by Eq.  ( G . 4 1 ,  i t  i s  d e f i n e d  by i t s  i n t e g r a l   s c a l e .  
A method f o r  e s t i m a t i n g  t h e  i n t e g r a l   s c a l e  was s u g g e s t e d  i n  
Sec.  6 . 1 .  Fu r the rmore ,  I H h ( f ) I 2  i s  a known f u n c t i o n   a n d  
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E{wC) can  be measured  from t h e  f i l t e r ed  wavgform w h ( t ) .  There- 
f o r e ,  Eq.  ( G . 5 )  can be u s e d   t o  estimate E { a f ) .  

L e t  u s  now t u r n   t o   j u s t i f i c a t i o n   o f  Eq. (6 .92 ) .   Tak ing  
the n t h  moment o f   b o t h  sides of E q s .  (2.3) a n d   ( G . l ) ,  w e  o b t a i n  

and 

from which w e  o b t a i n  

However, s i n c e   z ( t )  and z h ( t )  are b o t h   n o r m a l l y   d i s t r i b u t e d  w i t h  
z e r o  mean v a l u e s ,  w e  have  

where B i s  a cons tan t .   Combining  E q s .  ( G . 8 )  and ( G . 9 1 ,  we have  

However, from E q .  (2 .31 ,  w e  can  write 

( G . l O )  

( G . 1 1 )  

where t h e  d e n o m i n a t o r   i n  E q .  ( G . l l )  i s  uni ty .   Combining  Eqs.  
( G . 5 )  and (G.11) y i e l d s  



(G.12) 

which i s  o f   t h e   f o r m   o f  Eq. (G.10) f o r  n = 2. Equation (6.90) 
fo l lows   d i r ec t ly   f rom  Eqs .  (G.lO) and (G.12), i f  w e  d e f i n e  
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A P P E N D I X  H 
D E R I V A T I O N   O F   G E N E R A L   E X P R E S S I O N  FOR M O M E N T S   O F   w , ( t )  

I N  T E R M S  OF M O M E N T S - O F   w ( t )  a n d  w f ( t )  

L,et w and wf b e  independent   random  var iab les   and   denote  
t h e i r  sum By w:  

... I 

w = w  + W f  S ( H . 1 )  

L e t  P,,  P, and p d e n o t e  t h e  p robab i1 i t . y   dens i ty   . , f unc t ions   o f  
S Wf 

. ,  

w ,  w , and w . It i s  well kno.wn - e.g. ,  Ref. 9 - ' t h a t  p, i s  t h e  
c o n v 8 l u t i o n  6f p, and pw ; i . e . ,  

S f 

rQ1 

Taking the  n t h  moment o f  b o t h  sides o f  Eq .  ( H . 2 b ) ,  w e  have 

03 

rq(n) W 4 w n p w ( w ) d w  
-03 

( H .  2a) 

( H . 2 b )  

where w e  have   i n t roduced  t h e  c h a n g e   o f   v a r i a b l e  u = w - 6 .  
Expanding  (S+u)",. w e  have 



where we have  u s e d  t h e   b i n o m i a l   e x p a n s i o n  

where 

= k!  (n-k) !  
n! 

are  t h e  b i n o m i a l   c o e f f i c i e n t s .  

The l as t  l i n e   i n  E q .  (H.3) is a r e l a t i o n s h i p  among 
Of pw9 pw and p ; i . e . ,  

S' Wf 

t h e  

S i n c e  t h e  area under  a p r o b a b i l i t y   d e n s i t y  i s  u n i t y ,  by  d e f i n i -  
t i o n ,  w e  a lways   have  

Using t h i s  f a c t ,  we may write o u t  t h e  r e l a t i o n s   o f  E q .  ( H . 6 )  
f o r  n = 1,2,3,4 as 
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The above   re la t ionships  may be so lved   success ive ly   fo r  Mw (1) , 
S 

MW S wS 
(2 ) ,  M(3) *-• t o   y i e l d   t h e   s e t  of r e l a t ionsh ips   g iven  by 

Eqs. (6.89) i n   t h e  main t e x t .  The general   form  of  these 
r e l a t i o n s h i p s  i s  eas i ly   s een  t o  be given by Eq. (6.87) 
i.e., 
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